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ABSTRACT

The eN method can be combined with fracture
mechanics concepts teredict fatigue crack growth
behavior, assuming that the crack propagation usezh by
the damage accumulated by the cyclic elastic-glasti
deformations ahead of the crack tip. This modebgazes
that the cyclic strain range at any given point loytthe
crack path increases as the crack tip approacheslitme
element, and postulate that this element failurerwthe
crack tip reaches it is due to the accumulatioa ofitical
damage value. According to this idea, the crackwtro
rate under constaiK loading is assumed caused by the
sequential failure of identical volume elements aahef
the crack tip, whose fixed width can be calculatisthg
the strain distribution around the crack and té
methodology. In this work, this critical damage aggzh
is extended to the variable amplitude (VA) loadicase,
considering load interaction effects. Under VA
conditions, the crack increment at each load dgcttearly
not a constant, and is instead assumed equal tegjien
ahead of the crack tip that accumulated damagenkeyo
some specified critical value. However, the infnstrains
predicted by the usual (singular) modeling at treek tip
would invalidate any attempts to correlaté and da/dN
parameters. To remove this singularity, the crask i
modeled as a sharp notch with a very small butéfini
radius, estimated to be of the CTOD order. The ggom
stress concentration factor; f this notch is estimated
using Creager and Paris method, and the now ftitens
at its root are calculated using a concentratida such as
Neuber or Glinka. The strain distribution aheadtloé
crack tip is modeled using a modified HRR field,igthis
then displaced to match the calculated strain atcttack
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tip. Finally the hysteresis loops and the corregjpum
damage at each volume element ahead of the crackdi
calculated at each event of the VA loading. Theppsed
approach is validated through experiments on ARKXS5R

and 1020 steel CT specimens.
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INTRODUCTION

Several theoretical models have been proposed to
predict the fatigue crack growth (FCG) process gisiolid
mechanics-based theoretical tools and basic orafmedtal
mechanical properties. Probably the most successies
correlate the stress intensity range) controlled FCG
with the strain range Ag) controlled fatigue crack
initiation process. These models consider thatpilastic
zone k ahead of the crack tip is composed by a sequédnce o
very small volume elements, each one submitted to a
different strain range, which are being broken satjally
as the crack propagates, see Fig. 1. Therefork,addhese
volume elements will be submitted to elastic-plasti
hysteresis loops of increasing amplitude as thekctigp
approaches it. Any given volume element suffers atpam
in each load cycle, caused by the amplitude ofltop
acting in that cycle, which in turn depends on distance
r between the volume element and the fatigue ctigck
Fracturing of the volume element at the crack tijni¢h
cause the growth of the crack by fatigue) occursrwiis
accumulated damage reaches a critical value. Thtisat
value will logically be due to the sum of the damag
suffered in each load cycle, and a damage accuionilat
rule is required to quantify it. The linear damageany



other accumulation rule may be used to reach this

objective.
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Figure 1. Fatigue crack growth caused by sequgntia
breakingeN specimens at every load cycle.

Most of the proposed critical damage models
consider the width of the volume element in theckra
propagation direction as being the distance thafdtigue
crack propagates on each cycle [1, 2]. Others denshe
fatigue crack propagation rate as being the elemfth
divided by the number of cycles that the crack wouted
to cross it [3]. The theoretical models based am Itw-
cycle fatigue (LCF) process predict Paris’ congaiging
the different cyclic properties of the materialdazan only
work in stage Il of the fatigue crack propagatiamve,
without taking into account other factors that may
influence it. However, all three stages of the Natirve
can be modeled by modifying Paris’ equation usiegis
empirical relations such as McEvily's or Schwalbe’s
equations [4].

However, most models in the literature do not
properly deal with the stress field singularitythé crack
tip. As each volume element breaks when the crgzk t
reaches it, assuming a singular stress field imgheat all
damage but the one caused by this very last eveultvibe
negligible. And this same problem occurs when thstie-
plastic conditions inside the plastic zone aheath@icrack
tip are considered, since the HRR strain field isoa
singular. It should be emphasized that this sirmifylés a
characteristic of the models that postulate a ra&daus for
the crack tip, not of the real cracks which havguat tip
when loaded. It has been proposed to simply st@p th
calculations before the very last loading cycleftipdly
solving the singularity problem but still not prope
modeling the actual elastic-plastic stresses arainst at

the crack tip, which must be finite (or else thaakr would
be unstable).

Improved models have been proposed to calculate the
actual straine” at the crack tip from strain concentration
rules [5]. In these models, the geometric stress
concentration factor is estimated from the Creaged
Paris [6] solution for a blunt crack tip. The HRRa#
solution is then upper-bounded by the calculatedlctip
strain€’, which is assumed to be constant over the entire
Region | in Figure 2, where the singular HRR soluti
would predict strains greater than

& ‘\ singular HRR field, &(r)
i
P . Irwin’s
solution
\
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Figure 2. Theoretical strain distribution aheadthef crack
tip (solid line).

This approximation, however, does not account for
the stress redistribution due to the somehow antilyr
imposed upper bound. Assuming that fatigue damage i
restricted to this Region |, the number of cycles N
associated with the constant strain radge is obtained
from Coffin-Manson. The crack growth rate da/dNhien
estimated as the length of Region | divided by Such
models cannot be physically justified for two reasoas
follows. First, neglecting the fatigue damage irgiRas Il
through IV in Figure 2 is highly non-conservative,
implying that the entire damage would be conceattén
these few Ncycles. And second, such mathematical model
assumes intermittent crack growth (grouped bycitles
instead of cycle-by-cycle) which, although valid sSome
cases of crazing in polymers, is certainly not ¢hee for
the great majority of metallic structures, as vedf by
microscopic observations of fatigue striations.

Recently, an improved model that try to simulate th
actual non-singular elastic-plastic strain fieldbwrd the
crack tip has been proposed [7-8]. This model wbés
parameters and expressions of the HRR type to septe
the elastic-plastic strain range inside the plastive ahead



of the crack tip. In this formulation, the craclp tis
modeled as a sharp notch with a very small butdfitip
radius to remove its singularity. Inspired by thee&yer
and Paris Ksolution, the origin of the HRR field is shifted
from the crack tip to a point inside the crack,atecl by
matching the (now finite) HRR strain at the craigkwith

the strain predicted at that point by a strain eoi@tion
rule, such as Neuber, Glinka, or the linear rule f3very
reasonable agreement between the predictions aad th
experiments has been obtained for three structural
materials - SAE1020 and API 5L X-60 steels, and5/08

Al alloy - using the calculated crack growth com$tén
McEvily rule to predict the da/dN vAK curve [4, 7-8].

The idea that the FCG is caused by the sequential
failure of volume elements ahead of the crack 8p i
extended here to deal with the variable amplitueling

case, which has idiosyncrasies that must be treated

appropriately. First, the volume elements must have
variable width, which should be calculated at eviead
cycle by locating the point ahead of the crackuigere the
accumulated damage reaches an specified valuel€.g.
when using Miner’'s rule, assuming that the damage i
caused solely by the cyclic plastic deformatiorduiced by
the loading. In this case, the load sequence sffeach as
overload-induced crack growth retardation, are Gated
only to the (weak) mean load effect on thd curve.
However, an Elber-type opening load concept can be
introduced into the model, to separate the cyciimdge
from the closure contributions (which are both paty-
induced) to the crack growth process. Experimerits w
variable amplitude load histories are used to eidicthe
proposed models, using the powerful numerical tools
available in the ViDa software [9].

CONSTANT AMPLITUDE LOADING

where nis the number of cycles of the i-th load event and
N; is the number of cycles that the piece would i&st
loaded solely by that event.

Under constanfAK loading, in every load cycle the
crack advances a fixed distance da. Thus, negtectlia
damage accumulated outside the cyclic plastic agne
there are \/da elements ahead of the crack tip at any
instant. Since the plastic zone advances with tiagke
each new load cycle breaks the element adjaceniieo
crack tip, induces an increased loop amplitudelliotaer
unbroken elements (because the crack tip approathes
them by da), and adds a new element to the danage z
Therefore, the number of load cycles per growtlmdanment
is n =1 and, since the elements are considered a$ ghal
specimens, they break when:

ryc /da 1 Iye 1 .
- = =1 2
g(:) N(ryc —i[dia) Z:o N(ri)

where N(p) = N(ry. — ilda) is the fatigue life corresponding
to the strain rangAg(r;) acting at rfrom the crack tip. If
&' is the coefficient and c is the exponent of thespic part
of Coffin-Manson’s rule, and assuming a perfectezehce
between Coffin-Manson’s and Ramberg-Osgood’s elasti

and plastic terms, then
1 1l/c
N L) =

whereAgy(r;) is the plastic strain range at r

Ae p(ri )
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The plastic strain range inside the cyclic plagtine
can be described by Schwalbe’s [4] modificationtlod
HRR field [10, 11]:

The proposed model assumes that FCG is caused by

the sequential fracturing of small volume elemeatigad
of the crack tip. In every load cycle, each onethase
volume elements is submitted to elastic-plastictdrgsis
loops of increasing amplitude as the crack tip epphnes
it, suffering a damage increment that is a funciwbrihe
loop amplitude in that cycle, which depends on the
distance r between the volume element and the ukatig
crack tip. The fracture of the volume element & ¢thack
tip, which is the event that causes the fatigueclkcra
propagation, occurs when its accumulated damagiesa
a critical value, quantified by some damage accairari
rule, e.g., Miner’s rule:

nj _

N (1)

1

fyc |1+n’
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where n’ is the Ramberg-Osgood cyclic strain hairtgn
exponent and.\3 is the cyclic yield strength. Note that the
cyclic plastic zone size in plane strain is given by [12]:

]2
In addition, if Morrow's elastic-plastieN equation is
considered above instead of Coffin-Manson’s rulkent

mean load o, effects can also be accounted for.
Substituting Equation (4) in Equation (3) results i

2Syc
E

Dep(r) = (4)
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(5)



1 1/c with a sharp but not zero tip radius), using aistra
1| Sy Iy \I+m concentration rule and the crack linear elastiesstr
N(r;) =3 E ¢ [ﬁcj (6) concentration factor K This path also uses Creager and
&f Paris idea [6], who solved the deep notglpkoblem under
linear elastic conditions using th@2 coordinate origin
Considering the width of volume elements da as a displacement, but this time only to obtain
differential distance dr ahead of the crack tip,dan
approximating the Miner's summation by an integral, _ 20K 11
proximatir er's by K,[Dg, =22 (11)
which is easier to deal with in the calculations: /T[p

f

fve For any givemAK and R combination it is possible to
% = I i (7) calculatep using Equation (10) and to obtain the product
dN 5 N(r) Ko, from the above equation. Then, using a strain

concentration rule, the plastic strain radgg at the crack
The HRR field used to describe the stress andnstrai tip (where r = 0) is calculated. These strain catregion

fields inside the plastic zone ahead of the idedlizrack rules allow the determination of the plastic stressl
tip is singular for r = 0. Thus, N(r)- 0 when r— 0, what strain ranges in a notch root if the elastic stress
is not physically reasonable. However, no real ctaas a concentration factor Kis known. The solution depends on

zero radius tip, nor its strain field can be sirgubince an the material stress-strain law, which here is agslm
infinite strain is physically impossible. This afurse does parabolic with a strain hardening exponent n’ arith \&
not mean that singulanodels are useless. They can make negligible elastic range.

powerful predictions, but among themnist the damage at

the crack tip. However, it is easy to eliminate #imin The strain concentration rules considered in this
singularity by shifting the HRR coordinate systenigio work are the Linear, Neuber and Glinka rules. Tiresar
into the crack by a small distance X, following &ger’s rule is the simplest, resulting in a plastic stn@nge at the
idea [6]. In this case, Equation (4) becomes crack tip given by
1 K; [Ao 2AK
2S r 1+n' Ae, =—1 1= (12)
Agp (r+X) :EYC[Er:;(] ©® P E EVTLCTOD/2

Neuber’'s rule requires solving the following

Equations (3) and (8) are then applied to Equation gqyations for both crack tip stress and strain eaAg and

(7), resulting in Ae,
Iyc 2 2
r K:Ao 8AK
da:J‘d ) Acmspzé tA0n)” _
dN : N(r + X) E EMICTOD (13)
1/n'
A
To determine X and N(r + X) two paths can be ASp = 2(2 j

followed. The first considers, as Creager and Hétidid, H
X =pf2, p being the actual crack tip radius, which can be Another strain concentration rule is Glinka’s, wher
estimated by = CTOD/2. An expression for the CTOD of  the plastic strain rangAg, at the crack tip is calculated
a strain hardening material can be obtained inctuic from

plastic zone using the elastic solution for disptaents in
Mode | [13] and the expression farr Asp = CTOD/2,
the parameter X p/2 to displace the functions in this

2AK 2 Ao? | Ao [ﬁch””'
(14)

group of models can be defined by EMICTOD 4E  1+n' | 2H'
1/n'
2 -2y ne, =2 B9
P _CTOD _ Kpma’ M-2v) [ 1 (10) 0 =2 o

2 4 TE Sy 2(1+n')
After calculatingAe, at the crack tip from one of the

~ The second path is more reasonable. Instead of apove rules, the value of X is obtained from Ecqrai(8)
arbitrate the strain field origin offset, it deténes X by using r = 0, resulting in

first calculating the plastic strain range,(X) acting at
the blunt crack tip (which is being modeled as &cimo
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The strain distribution at a distance r ahead ef th
crack tip,Agy(r + X), now without the singularity problem
at the crack tip, is then readily obtained from &ipns (8)
and (15). The fatigue crack propagation rate isnthe
calculated from Equation (9) as:

Ive 2! l/c
dN : Aep(r +X)

Note that due to the non-linearity of Coffin-Man&on
eN curve, the damage at the volume elements beyoad t
current cyclic yield zone (or, more conservativédgyond
the monotonic yield zone) were neglected in thevabo
integral, simplifying the numerical calculations.

(15)

X =

VARIABLE AMPLITUDE LOADING

Under variable amplitude loading, the FCG rate
cannot be assumed constant becafdgecan vary at each
load cycle. The models developed above can bedaitijr
used to calculate FCG under VA loading by integrgtihe
predicted (under constaAK) da/dN curve using the cycle
by cycle method. However, the idea here isdirectly
quantify the fatigue damage induced by the VA logdi
considering the crack growth as the result of giential
fracturing of small variable size volume elemerniside
the cyclic plastic zone ahead of the crack tip.

Since the model based on the Linear strain
concentration rule resulted in the best predictiong7]
(because the fatigue crack propagation data wdssnaul
under dominant plane strain conditions), it is ¢tinéy one
used below. And since load interaction effects kbave a
significant importance in FCG, they can also beoduiced
in the model, e.g., considering mean laggeffects by:

—¢c/b 1/c
1-9m (17)
op

where oy is the coefficient and b is the exponent of the
elastic part of the Morrow elastic-plasgbl rule. And to
separate the damage and the closure contributioR€6G
(considering crack closure as the only crack retéod
mechanism), an Elber-type opening load concept lmn
easily implemented for R > 0 to filter the loadingcles
that cause no damage by using:

Ae (r +X
N(HX):; p(25’ :
f

AK - AK
AK g =———th (18)
1-R
The damage function for each cycle is then obtained
as a function of r:

n.
di(r+x)=—" (19)
|( |) Ni(r+xi)
If the piece is virgin, then the crack increméaf
caused by the first load event is the value § that makes
Equation (19) equal to one

di(n +X,)=1 = da =n (20)

In all subsequent events, the crack increments take
into account the damage accumulated by the previous
loading, in the same way it was done for the cartsta
loading case. But as the coordinate system movibstig
crack, a coordinate transformation of preceding alzen
functions is necessary:

D; :Zi:dj r+iz_1:6ap
=l p=j

Since the distance r = mwhere the accumulated
damage equals one in the i-th event is a variaie t
depends omAK; (or AKeff) and on the previous loading
history, elements of different widths may be brokgrthis
model.

(21)

RESULTS AND DISCUSSION

FCG experiments under variable amplitude loading
were performed using API-5L-X52 steel CT speciméids,
mm wide by 10 mm thick. Pre-cracking was made under
constant amplitude loading withK = 20 MPa/nY? until
reaching a = 12.55mm (a/w = 0.25). FCG occurredeund
LEFM conditions. Testing was conducted in a 100 kN
computer-controlled servo-hydraulic machine. Crade
was monitored within a 20n accuracy by the Back Face
Strain technique [14], using a 5mm 128train gage.

Oligocyclic fatigue tests were carried out undeiabx
strain control according to the ASTM E 606-92
specifications [15], using the same equipment dlesdr
above. Two specimens were tested at each strain
amplitude, and to obtain the® curve fifty specimens were
tested under deformation ratios varying from Rl=to R =
0.8, see Figure 3. The test frequency varied betveand
10 Hz, and the data acquisition system sampled a
minimum of 500 points per cycle. The module method
(ASTM E 606-92) was used to determine the fatigfee |
The measured material properties are shown in the
table below.



Table 1. Mechanical properties of the API 5L X52e$t

E [GPa]| 200
S, [MPa] | 527
S, [MPa] | 430
S, [MPa] | 370
H' [MPa] | 840
n' | 0.132
o'; [MPa] | 720
E,f 0.31
b | -0.076
c| -0.53
MKy, (R=0.1) [MPa/m] | 8.0
da/dN (R=0.1) [m/cycle] 2010 AK-8)**
0.02 -

0.01 1

strain amplitude {m/m)}

0.001 T

102 10° 104 10° 108

reversals (2N)

Figure 3. Measured and fitted strain-life datatfor API
5L X52 steel.

Note from Figure 3 that this steel is almost
insensitive to the deformation R ratio, in spedtal short
lives. Note also that this data does include veaghhR
tests. Morrow’s strain-life equation, which inclsd¢éhe
mean stress effect only in Coffin-Manson’s elaséon,
was found to best fit the experimental data. Motsditted
equation is plotted for R =1 in Figure 3.

Crack growth was then conducted at 25 Hz under a
VA load history consisting of a series of 50,00@ckl
containing 100 reversals (50 cycles) each, as shiown
Figure 4. The high mean stress levels were chasandid
crack closure effects, since they were not yetuidet! in
the model at the testing time (even though they loan
easily accounted for when drawing the hysteresipdp
The load history was counted by the sequential-ftain
method [16]. The damage calculation was made uaing
specially developed code and the Ilinear strain
concentration rule. Figure 5 compares the predistiand
experiments.

185
18.0 1
17.5
17.0 1
16.5 1
16.0 4
15.5 1
15.0 1
14.5 1
14.0 4
135

applied load (kM)

40 60 80 100
reversals

Figure 4. Load block applied to the API 5L X52 $i€&S.

1g r a (mm)
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1571

1|

13r

N (cycles) x 10°
1.5 2 2.5

12 L 1

Figure 5. Comparison between crack growth measureme
andeN-based predictions (API 5L X52 steel).

As seen in Figure 5, the crack growth predictions
under variable amplitude loading based solely ahh
parameters were quite accurate. The prediction that
assumed no damage outside the cyclic plastic zone r
(solid black line in Figure 5) underestimated crgchkwth.
However, when the small (but significant) damageha
material between the cyclic and monotonic plastoez
borders is also included in the calculations, thaneven
better agreement is obtained (gray line in FigyreNote
also that crack growth is slightly underestimatdtera
1.810° cycles, probably due to having neglected the ielast
damage and the mean stress effects.

Similar tests were conducted using AISI 1020 steel
CT specimens of the same dimensions described above
The measured material properties are shown in the
table below.

Table 2. Mechanical properties of the AISI 102@kte

E [GPa][ 205
S.[MPa] | 491
S, [MPa] | 285




S, [MPa] | 270
H [MPa] | 941
n | 0.18
o' [MPa] | 815
£ | 0.25
b|-0.114
c| -0.54
MKy (R=0.1) [MPavm] | 11.6
da/dN (R=0.1) [m/cycle] 5x10°(ak —aK )2 00
277
EEZ??—AK /a- R)}

The VA load history was a series of blocks

containing 101 peaks and valleys, as shown in Eigyr
with a duration of two seconds each. Figure 7 coegpthe
predictions with the experimentally obtained data.

16
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Figure 6. Load block applied to the AISI 1020 siggIS.
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Figure 7. Comparison between crack growth measureme
andeN-based predictions (AISI 1020 steel).

This other prediction of fatigue crack growth undék
based only oreN properties turn out to be again quite
accurate. This indicates that the ideas behindcthieal
damage model discussed above make sense and deserve
better explored.

ACKNOWLEDGEDMENTS

The authors would like to thank eng. Marcelo Gohes
Souza for obtaining the experimental results preskein
Table 1 and Fig. 3, and to CNPq, the Brazilian Rege
Council, and to CAPES, a Brazilian Education Minjst
agency, for their support.

CONCLUSIONS

A damage accumulation model, entirely basedNn
cyclic properties, was proposed for predictingdiaé crack
propagation under variable amplitude loading. Ttress
field singularity is removed by modeling the craak a
sharp notch with a small but finite radius equah#df the
CTOD. The HRR field is then modified using someaistr
concentration rule, such as Neuber, Glinka, or lithear
rule, and damage accumulation is explicitly caltadaat
each load cycle. Due to the non-linearity of Coffin
Manson’seN curve, the damage at the volume elements
beyond the current yield zone may be neglected,
simplifying the numerical calculations. Experimdnta
results on APl 5L X52 steel and 1020 steel showadg
agreement between measured crack growth under VA
loading and the predictions based purelyebhdata. This
methodology can be complemented by strip-yield rhode
calculations, which are used to predict the crddsure
caused by the residual strains at the crack fédeseover,
the effect of residual stress fields ahead of thelctip can
be directly accounted for when drawing the hysisres
loops, providing a powerful physical model to uredand
crack retardation effects based solelyebhconcepts.
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