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Abstract 
 
The theory required to predict the two-dimensional propagation path of cracks under 
general bi-axial loading is well known, however its implementation in an efficient 
and reliable computational code is a far from trivial task. The purpose of this work is 
to describe how the difficulties involved in translating such theoretical tools into 
practical numerical techniques have been solved, as well as how these techniques 
were used in a successful special-purpose academic program called Quebra2D. Ex-
periments on modified C(T) specimens made out of 1020 steel are used to validate 
the accuracy of the numerical predictions obtained from the presented approach. 

 
Keywords: curved cracks, crack path prediction, computational fracture mechanics, 
finite elements, meshing algorithm, equivalent stress intensity factors. 
 

1  Introduction 
 
It is almost invariably necessary to use computational methods to predict the gener-
ally curved crack path and its associated stress intensity factors (SIF) in real compo-
nents. Several methods have been proposed to numerically compute such SIF and 
crack growth directions [1]. 

The most popular methods to computationally obtain the SIF are the displace-
ment correlation technique (DCT), the potential energy release rate computed by 
means of a modified crack-closure integral technique (MCC), and the J-integral 
computed by means of the equivalent domain integral (EDI). Several models have 
also been proposed to obtain the equivalent SIF used to treat the 2D fatigue crack 
growth problem under general bi-axial loading. These models are based, e.g., on the 
displacements behind the crack tip reaching a critical value, or on the relations be-
tween the potential energy release rate and the SIF. 

The numerical computation of the crack incremental direction in the linear-
elastic regime is, in general, based on one of the three most used criteria: the maxi-
mum circumferential stress, the maximum potential energy release rate, and the 
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minimum strain energy density. The computed values at each calculation step are 
used to obtain the crack incremental growth direction - and thus the fatigue crack 
path - in the linear-elastic regime. 

In this work, the above methods are reviewed, together with details on their im-
plementation in a computational code called Quebra2D. The crack representation 
scheme used in Quebra2D is based on the discrete approach. In this sense, the pro-
gram is similar to well-known 2D simulators, such as Franc2D [1] for example. This 
program includes all methods described above to compute the crack increment direc-
tion and the associated stress-intensity factors along the crack path. Moreover, its 
adaptive FE analyses are coupled with modern and very efficient automatic remesh-
ing schemes, which substantially decrease the computational effort. 

The computational methods to obtain the SIF and crack growth direction are de-
tailed next. 
 
 

2  Numerical Computation of Stress-Intensity Factors 
 
According to Bittencourt et al. [1], three methods can be chosen to compute the 
stress-intensity factors (SIF) along the generally curved crack path in 2D finite ele-
ment models: the displacement correlation technique (DCT) [2], the potential energy 
release rate computed by means of a modified crack-closure integral technique 
(MCC) [3, 4], and the J-integral computed by means of the equivalent domain inte-
gral (EDI) together with a mode decomposition scheme [5]. 

An important detail necessary to compute the SIF using the DCT is to transform 
the nodal displacements from a global XY coordinate system into a local xy system 
aligned with the last crack increment. This increment, in general, makes an angle α 
with the X axis, see Figure 1. Using the well-known equations for quarter-point sin-
gular triangular elements [6], Mode I and Mode II SIF can be evaluated in the local 
xy system by 
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where κ = 3 − 4ν for plane strain, κ = (3 − ν)/(1 + ν) for plane stress, ν is the Pois-
son ratio, μ is the shear modulus, vj-1 and vj-2 are the relative displacements in the y 
local coordinate system direction at the j−1 and j−2 nodes, uj-1 and uj-2 are the rela-
tive displacements in the x local coordinate system direction at the j−1 and j−2 
nodes, and L is the element size. 

 The MCC method is based on Irwin’s crack-closure integral concept. Rybicki 
and Kanninen [3] were the first to use this approach with a single finite element 
analysis, and Raju [4] proposed simplified expressions for singularity elements. 
However, the numerical computation of GI and GII, the strain-energy release rates, 
originally proposed by Raju to unit thickness, t = 1, should be generalized to take 
into account a different thickness. In this case, the components GI and GII for pure 
Mode I and Mode II, and for mixed mode conditions are given as 
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(a)             (b) 

Figure 1: Crack tip elements in a: (a) global coordinate system and (b) local coordi-
nate system. 
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where Fxi, Fxj, Fyi, and Fyj are the consistent nodal forces acting on nodes i and j in 
the x and y directions of the local coordinate system in Figure 1(b); u and v are the 
nodal displacements at the m, m', l and l' nodes in the x and y directions, respectively 
(see Figure 2); and t11 = 6 − 3π/2, t12 = 6π − 20, t21 = 1/2, and t22 = 1.  

 
Figure 2: Nodes at crack tip elements and consistent nodal forces ahead of the crack 

tip. 
 

 The nodal forces Fxi and Fyi are computed from elements 1, 2, 3 and 4, but the 
forces Fxj and Fyj are computed from element 4 only. Under linear elastic conditions 
(LEFM), the stress-intensity factors are related to the energy release rates by 
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where κ has been previously defined for plane stress and plane strain conditions. It is 
assumed that the classical ASTM E399 requirements for validating a KIC toughness 
test can also be used in fatigue crack growth to characterize plane strain conditions. 

 The J-integral is a path independent contour integral introduced by Rice [7] to 
study non-linear elastic materials under small scale yielding. The equivalent domain 
integral method replaces the integration along the contour by another one over a fi-
nite size domain, using the divergence theorem. This definition is more convenient 
for finite element analysis. For two-dimensional problems, the contour integral is 
replaced by an area integral 
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where W is the strain energy density; q is a continuous function that allows for the 
equivalent domain integral to be treated in the finite element formulation; σij are the 
stresses at the contour C, which is any path surrounding the crack tip; ui are the dis-
placements correspondent to local i-axes; ti is the crack face pressure load, and s is 
the arc length of the contour. Usually, a linear function is chosen for q, which as-
sumes a unit value at the crack tip and a null value along the contour. For linear-
elastic materials, the second term in Equation 4 vanishes. The third term will vanish 
if the crack faces are not loaded, or if q = 0 at the loaded portions of the crack faces. 
 
 
 

3  Computation of the Crack Increment Direction 
 
In 2D finite element analysis, the three most used criteria for numeric computation 
of crack (incremental) growth in the linear-elastic regime are: (a) the maximum 
circumferential stress (σθmax) [8], (b) the maximum potential energy release rate 
(Gθmax) [9], and (c) the minimum strain energy density (Sθmin) [10].  

In the first criterion, Erdogan and Sih considered that the crack extension 
should occur in the direction that maximizes the circumferential stress in the region 
close to the crack tip [8]. In the second, Hussain et al. [9] have suggested that the 
crack extension occurs in the direction that causes the maximum fracturing energy 
release rate. And in the last, Sih [10] assumed that the crack growth direction is de-
termined by the minimum strain energy density value near the crack tip. Bittencourt 
et al. [1] claimed that, if the crack orientation is allowed to change in automatic frac-
ture simulation, the three criteria give basically the same results. However, there are 
few results to support Bittencourt’s affirmation. 

The stresses on the crack tip for Modes I and II are given by summing up the 
stresses obtained for each mode separately [11]. As a result, the following equations 
are obtained in polar coordinates 
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These expressions are valid both for plane stress and plane strain. The maxi-

mum circumferential stress criterion determines that the crack extension begins on a 
plane perpendicular to the direction in which σθ is maximum, thus τrθ = 0. It also 
states that the monotonic (non-fatigued) extension shall occur when σθmax reaches a 
critical value corresponding to a property of the material (KIC for Mode I). From 
Equations (5-7) and τrθ = 0, a trivial solution θ = π±  for cos(θ /2) = 0 is found, and 
a non-trivial solution is given by 

 
0)1cos3(KsinK III =−+ θθ  (8)

 
It is found that, for pure Mode I, KII = 0, KI sinθ = 0, and θ = 0°, and for pure 

Mode II that KI = 0, KII (3cosθ − 1) = 0, and θ = ±75°. These θ are the extreme val-
ues of the crack propagation angle. The intermediate values are found solving Equa-
tion (8) for θ considering mixed mode, resulting in 
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where the sign of θ is the opposite of the sign of KII. 

Hussain et al. [9] used complex variable mapping functions to obtain the strain 
energy release rate G at a direction θ with respect to the crack propagation plane un-
der Mode I and II combined loading. They assumed that crack extension occurs in a 
direction θ = θ0 that maximizes G, leading to the maximum fracturing energy release 
rate (Gmax) criterion: 
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In this work, to find the angle that maximizes the energy release rate, algorithm 

codes from [12] are adopted. First, the derivative function ( ) 0dG dθ θ = is obtained 
from Equation (9). Then, two simple routines from [12] are used to obtain the cor-
rect value of the crack propagation angle: (a) zbrac – to expand an initial guessed 
range θ1 to θ2 geometrically until a root is bracketed by the returned values θ1 and 
θ2; (b) rtbis – to find the root of a function using bisection given the function and the 
initial range θ1 and θ2. The guess values to the sbrac routine are obtained from 
Equation (9) and considering a tolerance.   
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Sih [13] proposed a criterion for mixed-mode loading based on the strain en-
ergy density S around the crack tip. It is assumed that the crack propagates in a di-
rection θ  that minimizes S, defined as 
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 The same process used to maximize the energy release rate can be employed 

to calculate the value of the crack propagation angle. To do that, it is sufficient to 
obtain the derivative function ( ) 0dS dθ θ = , resulting in 
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4  Mixed-Mode Crack Growth Calculations 
 
The calculated Mode I and II SIF KI and KII are now used to obtain an equivalent 
SIF Keq. The fatigue crack growth rate can then be computed from the equivalent 
stress intensity range ΔKeq by a simple McEvily-type model [13]: 

 
meq thda A ( K K )dN = ⋅ Δ −Δ  (13)

 
where ΔKth is the threshold SIF and A and m are the conventional tensile crack 
growth rate parameters for the given material. An alternative Elber-type equation 
can be used based on the maximum equivalent stress intensity Keq and on the crack 
opening value Kop, namely 
 

meq opda A ( K K )dN = ⋅ −  (14)
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Several models have been proposed to obtain Keq from KI and KII (and KIII, 
when it is important). E.g., Tanaka [14] obtained an equivalent stress intensity 
model based on the displacements behind the crack tip reaching a critical value, 
leading to 
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where ν is Poisson’s coefficient. 

Another expression for Keq can be derived for elastic loading under plane stress 
conditions, based on the relations between the potential energy release rate G and 
the SIF [15], leading to 
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From Equation (10), an equivalent SIF is obtained at θ = θ0 that maximizes the 

expression 
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Such computed θ0 values at each calculation step are used to obtain the crack incre-
mental growth direction - and thus the fatigue crack path - in the linear-elastic re-
gime. 

From Equation (11), the associated equivalent SIF is then calculated at θ = θ0’ 
that minimizes the expression 
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And from Equations (5-9), according to the σθmax criterion, the equivalent SIF is 

calculated at the value θ = θ0”, which maximizes the expression 
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Several other criteria have been proposed in the literature, such as the ones by 

Nuismer, Amestoy et al., Richard, Schöllmann et al., and Pook [16]. A few of these 
criteria even predict the warping angle of a 3-D crack subject to Mode III loading. A 
comprehensive review of the proposed equivalent SIF and propagation angle expres-
sions can be found in [16]. 

All presented models have notable differences if the amount of Mode II loading 
is significant. For instance, under pure Mode II loading, the propagation angle θ is 
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±70.5o, ±75o and ±82o according to the σθmax, Gmax and Smin models, respectively, 
leading to Keq values of approximately 1.15⋅KII, 1.60⋅KII and 1.05⋅KII (assuming ν = 
0.3). In addition, Tanaka’s model results in this case in Keq = 1.68⋅KII, while Equa-
tion (4) furnishes Keq = KII. The values of θ and Keq obtained from each model are 
plotted in Figures 3 and 4 as a function of the KII/KI ratio. 

 

 
Figure 3: Crack propagation direction θ as a function of the KII/KI ratio according to 

the σθmax, Gmax and Smin models. 
 

 
Figure 4: Equivalent SIF Keq as a function of the KII/KI ratio according to several 

models. 
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The differences among the studied models might be significant for mixed-mode 
fracture predictions, however they turn out to be negligible for fatigue crack propa-
gation calculations. In fact, since all above models predict crack path deviation (θ ≠ 
0) under any KII different than zero (see Figure 4), they imply that fatigue cracks 
will always attempt to propagate in pure Mode I, minimizing the amount of Mode II 
loading, curving their paths if necessary to avoid rubbing their faces. As soon as the 
crack path is curved to follow pure Mode I, all models agree that Keq is equal to KI. 
Therefore, for sufficiently refined meshes, all above models should result in ap-
proximately the same crack path. 
 
5  Experimental Verification of the Crack Path Prediction 
 
Fatigue crack growth experiments are performed on C(T) specimens of cold-rolled 
AISI 1020 steel, with yield strength SY = 285MPa, ultimate strength SU = 491MPa, 
Young modulus E = 205GPa, and reduction in area RA = 54%, measured according 
to the ASTM E 8M-99 standard. The analyzed weight percent composition of this 
steel is: 0.19C, 0.46Mn, 0.14Si, 0.11Cu, 0.052Ni, 0.045Cr, 0.007Mo, 0.002Nb, 
0.002Ti, Fe balance. 

The fatigue crack propagation tests are performed in a 250kN computer-
controlled servo-hydraulic testing machine, at two R = Kmin/Kmax ratios, namely R = 
0.1 and R = 0.7. The crack length is measured following ASTM E 647-99 proce-
dures. The measured growth rates on 16 standard compact tension C(T) test speci-
mens are fitted by a modified McEvily da/dN equation (in m/cycle), as shown in 
Equation (20), where the propagation threshold under R = 0 is ΔK0 = 11.5 MPa√m, 
and the fracture toughness is KC = 280 MPa√m. 

 

[ ] 2.210 )55.01(5.11105.2 RK
dN
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⋅−⋅−Δ⋅⋅= −  (20)

Three modified C(T) specimens have been designed and tested to verify the 
crack path predictions width w = 29.5mm and thickness t = 8mm, but each one with 
a 7mm-diameter hole positioned at a slightly different horizontal distance A and ver-
tical distance B from the notch root, as shown in Figure 5. A larger fourth specimen 
with w = 50mm and t = 10mm was also tested, see Figure 5. 

 

Figure 5: Measured dimensions of the hole-modified C(T) specimens (mm). 
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Two very different crack growth behaviours had been predicted by the FE mod-
elling of the C(T) specimens, depending on the hole position. The predictions indi-
cated that the fatigue crack was always attracted by the hole, but it could either 
curve its path and grow toward the hole (“sink in the hole” behaviour) or just be de-
flected by the hole and continue to propagate after missing it (“miss the hole” behav-
iour). 

Using the Quebra2D program, the transition point between the “sink in the 
hole” and the “miss the hole” crack growth behaviours was identified. The three 
modified C(T) specimens were designed so that specimens named CT1(CA) and 
CT1(VA) had the hole just half a mm above the transition point, and a specimen 
named CT2(CA) had the hole half a mm below it. The chosen specimen geometries 
were machined, measured, and FE remodelled, to account for small deviations in the 
machining process. In this way, it could be assured that the numerical models used 
in the predictions reproduced the real geometry of the tested specimens. 

Specimens CT1(CA) and CT2(CA) were tested under constant amplitude (CA) 
loading, under a quasi-constant stress-intensity range ΔKI ≅ 20MPa√m and load ratio 
R = 0.1. The holed CT1(VA) specimen was tested under VA loading. 

Figure 6 shows the predicted and measured crack paths for the three modified 
specimens (in mm) under CA or VA loading, presenting a very good match. This 
suggests that the curved crack paths predicted under CA loading give good estimates 
of the measured paths under either CA or VA loading.  
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Figure 6: Predicted and measured crack paths for the modified C(T) specimens 

(mm). 
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6  Conclusions 
 
In this work, the main methods to predict the path and stress intensity factors of fa-
tigue cracks were reviewed. Details on their implementation in a computational code 
called Quebra2D were presented. Experimental results were used to verify the accu-
racy of the numerical predictions. The results showed that the implemented compu-
tational code was able to predict the curved crack path in all experiments, either un-
der constant or variable amplitude loading. 
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