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Abstract. Crack bifurcation is a mechanism that can quantitatively explain fatigue crack growth (FCG) retardation 
effects even in the absence of plasticity induced crack closure. Empirical equations are proposed to calculate the 
process zone size and stress intensity factors (SIF) along the curved crack branches, based on extensive FE 
calculations. The equations are a function of the bifurcation angle 2θ, ratio between the branch sizes c0/b0, and 
material crack growth exponent m. In this work, the increase in fatigue life associated with bifurcated cracks under 
near-threshold conditions is studied. The Levenberg-Marquardt algorithm is used to best fit non-linear equations to the 
FE results. The results show a competition between the effects of bifurcation and other retardation mechanisms under 
near-threshold conditions. The presented fatigue life calculation methodology can be used to predict the propagation 
behavior of bifurcated cracks in an arbitrary structure.  
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1. INTRODUCTION  
 

Fatigue cracks prefer to grow under mode I conditions, changing their path if necessary when loaded under mixed-
mode conditions to maintain their sequential increments perpendicular to the maximum normal stress near their tip. 
However, they can significantly deviate from their usual growth plane due to overloads, sudden changes in the stress 
field, micro structural characteristics such as grain boundaries and interfaces, or environmental effects, generating crack 
kinking or branching (Lankford and Davidson, 1981; Meggiolaro et al, 2005; Miranda et al, 2005). And a fatigue crack 
deviated from its usual mode I plane propagates under mixed-mode near-tip conditions even if the far-field stress is 
purely mode I. Indeed, a pure mode I stress intensity factor (SIF) KI induces modes I and II SIF k1 and k2 near the longer 
branch of a bifurcated crack and 1k ′  and 2k ′  near the shorter one. The equivalent SIF Kb and Kc of the longer and shorter 
branches, calculated respectively from (k1, k2) and ( 1k ′ , 2k ′ ) using e.g. the σθmax criterion (Erdogan and Sih, 1963), can 
be considerably smaller than that of a straight crack with the same projected length, see Fig. 1. Therefore, such branch-
ing can retard or even arrest subsequent crack growth (Suresh, 1983). 

 
Fig. 1. Typical FCG behavior of bifurcated cracks. 
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Even very small differences between the crack branch lengths b and c cause the shorter branch c to arrest while the 
larger one b grows, normally curving its path until reaching approximately its pre-overload SIF and growth direction 
and rate, see Fig. 1. Hence, although many branches can be developed along the main crack path, only the fastest 
branches continue to grow, while all others stop due to a shielding effect, a process which also induces crack growth 
retardation. This typical propagation behavior has been observed in many structural components (Kosec et al, 2002). 

There are a few analytical solutions for the SIF of kinked and branched cracks, but it is almost impossible to extend 
them to describe their complex propagation behavior (Karihaloo, 1982; Seelig and Gross, 1999; Suresh, 1982; Suresh 
and Shih, 1986). A summary of such SIF solutions is presented in Meggiolaro et al (2005). Therefore, numerical me-
thods such as Finite Elements (FE) and Boundary Elements (BE) are the only practical means to predict the propagation 
behavior of branched cracks. To predict the generally curved paths of a branched crack and to calculate their associated 
modes I and II SIF, a specially developed interactive FE program named Quebra2D (2D fracture in Portuguese) is used. 
This program simulates two-dimensional crack growth based on a FE self-adaptive strategy, using quarter-point crack 
tip elements and proper crack increment criteria coupled with modern and very efficient automatic remeshing schemes, 
a fundamental feature to avoid elements with poor aspect ratio, since the size of the larger elements can be 1,000 times 
bigger than the smaller ones in crack bifurcation calculations. Quebra2D uses an innovative algorithm based in a quad-
tree procedure to develop local guidelines to generate elements with the best possible shape. The internal nodes are ge-
nerated simultaneously with the FE, using the quadtree procedure only as a node-spacing function. This approach tends 
to give a better control over the generated mesh quality and to decrease the amount of heuristic cleaning-up procedures. 
Moreover, it specifically handles discontinuities inside the domain or on boundary of the model. Finally, to enhance the 
quality of the shape of the mesh element, an a posteriori local mesh improvement procedure is used (Miranda et al, 
2003). The calculations are described in the next section. 

 
2. PROPAGATION OF BRANCHED CRACKS 

 
The propagation of branched cracks in a standard C(T) specimen with width w = 32.0mm, crack length a = 14.9mm, 

and a very small bifurcation with angle 2θ ranging from 40o to 168o, initial longer branch length b0 = 10μm and initial 
shorter branch lengths ranging from c0 = 5μm to 10μm is modeled in the Quebra2D program. A fixed crack growth step 
of Δb = 3μm (or 1μm during the first propagation steps) is considered for the propagation of the longer branch b. This 
growth step is calculated in the direction defined by the σθmax criterion. Due to the differences in the crack growth rate, a 
growth step Δc smaller than Δb is expected for the shorter branch. This smaller step is obtained assuming a crack 
propagation law that models the first two FCG phases, 

mthda dN A ( K K )Δ Δ= ⋅ −           (1) 

where A and m are material constants and ΔKth is the propagation threshold. If ΔKb and ΔKc are respectively the stress 
intensity ranges of the longer and shorter branches, then the growth step Δc of the shorter branch c should be 

( ) ( )[ ]mc th b thc b K K K KΔ Δ Δ Δ Δ Δ= ⋅ − −         (2) 

Interestingly, the ratio between the propagation rates of the two branches is independent of the FCG rule constant A. 
The exponent m is assumed to be 2.0, 3.0, and 4.0, to reproduce the typical steel exponents measured in practice. Note 
that a similar expression can be obtained if crack closure effects are considered, even including mean load effects 
through a function f(R) of the load ratio R, using the effective SIF ΔKeff = Kmax − Kop: 

m
max,c opmmax op
max,b op

K Kda A ( K K ) f ( R ) c b
dN K K

Δ Δ
−⎛ ⎞= ⋅ − ⋅ ⇒ = ⋅ ⎜ ⎟−⎝ ⎠

     (3) 

where Kmax,b and Kmax,c are the maximum SIF of the longer and shorter branches respectively, and Kop is the crack open-
ing SIF, assumed equal for both branches.  

Both the crack path and the associated SIF along each branch are obtained using the Quebra2D program. Several FE 
calculations were performed for different values of the exponent m, bifurcation angle 2θ, relation c0/b0, and SIF, sup-
posing no crack closure no closure effects, Kop = 0. Closure effects are considered in Miranda et al (2005). Fig. 2 shows 
the contour plots of the normal stress component in the load direction axis and propagation results for a bifurcated crack 
with angle 2θ = 150o, obtained from the FE analysis for c0/b0 = 0.91, m = 2 and no closure. In this figure, the deforma-
tions are highly amplified to better visualize the crack path. Note that the crack path deviates from the original branch 
angles, deflecting from ±75o to approximately ±28o. In addition, the originally shorter branch arrests after propagating 
for only about 29μm, while the longer branch returns to the pre-overload growth direction and SIF (even though the 
subsequent crack growth plane may be offset from the pre-overload one, see Fig. 2).  
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Fig. 2. Propagation simulation of a bifurcated crack on a C(T) specimen (left), and close-up view of the two original 

11μm and 10μm branches with angle 2θ = 150o (right). 

Figure 3 shows the crack paths predicted from the FE analyses of 4 bifurcated cracks with the same angle 2θ = 130o 
and different ratios c0/b0 = {0.5, 0.8, 0.95, 1}, considering m = 2 and no closure effects. The dashed lines show the theo-
retical propagation behavior of a perfectly symmetric bifurcation (c0/b0 = 1). In this case, the retardation effect would 
never end because both branches would propagate symmetrically without arresting. Clearly, such idealized behavior is 
not observed in practice, since the slightest difference between b0 and c0 would be sufficient to induce an asymmetrical 
behavior. Figure 3 also shows that lower c0/b0 ratios result in premature arrest of the shorter crack branch, leading to 
smaller retardation zones. Also, the propagation path of the longer branch is usually restrained to the region within the 
dashed lines, while the shorter one is “pushed” outside that envelope due to shielding effects. 

 
Fig. 3. Bifurcated crack paths for several c0/b0 ratios. 

The size of the retardation zone can be estimated from the ratio bf/b0, where bf is the value of the length parameter b 
of the longer branch (measured along the crack path) beyond which the retardation effect ends. The ratio bf/b0 is then 
calculated through FE propagation simulations for all combinations of c0/b0 = {0.5, 0.8, 0.9, 0.95}, 2θ = {40o, 80o, 130o, 
168o} and m = {2, 3, 4}, and fitted by the proposed empirical function: 

of (12 m ) 20 02/ 30

b 2 30exp ( 1 c b )
b 56 17 ( m 2 )

θθ −⎛ ⎞−= −⎜ ⎟⎜ ⎟+ ⋅ −⎝ ⎠
      (4) 

Figure 4 compares the fitted and the FE-obtained data for m = 3. Note that a greater symmetry between the branches 
(as the ratio c0/b0 → 1.0) results in a longer retardation zone, as expected from the delayed arrest of the shorter branch. 

The FE-calculated equivalent SIF Kb and Kc of the longer and of the shorter branches are now evaluated along the 
obtained crack paths. Figure 5 plots the crack retardation factors (defined as the ratios between Kb or Kc and the Mode I 
SIF KI of a straight crack) for 2θ = 130o and m = 2, as a function of the normalized length (b−b0)/b0 of the longer 
branch. Because of the different crack branch lengths, the SIF at the longer one is much higher than that at the shorter 
branch. Assuming Kb and Kc to be the crack driving force, it can be seen from Figure 5 that the longer branch reaches its 
minimum propagation rate right after the bifurcation occurs, returning to its pre-overload rate as the crack tip advances 
away from the influence of the shorter branch. As seen in the figure, the bifurcation-induced retardation behavior is 
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misleadingly similar to closure-related effects, even though no closure is present in that case. In addition, as the length 
difference between both branches increases, it is expected that the propagation rate of the shorter one is reduced until it 
arrests, after which the larger branch will dominate. Note that even small differences between the branch lengths, such 
as in the case c0/b0 = 0.95 shown in Fig. 5, are sufficient to cause subsequent arrest of the shorter branch. 

An empirical expression is here proposed to model the SIF Kb of the longer branch during the transition between Kb0 
(the value of Kb immediately after the bifurcation event) and the straight-crack KI (after the retardation effect ends), 
valid for b0 ≤ b ≤ bf and 0.7 < c0/b0 < 1: 

( )
0 0

0 0

2c b
0

b b I b
f 0

b bK K K K atan 3 1.25
b b

⎡ ⎤⎛ ⎞−
= + − ⋅ ⎜ ⎟⎢ ⎥−⎝ ⎠⎣ ⎦

       (5) 

where bf is given in Equation (4) and Kb0 (and Kc0) by 

( )0 0b c0 0

I 0 I 0

K Kc c
0.75 1 sin 1 , 0.75 ( 1 sin ) 1

K b K b
θ θ⎛ ⎞ ⎛ ⎞= + − ⋅ − = − − ⋅ −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
     (6) 

 
Fig. 4. Normalized process zone size as a function of the bifurcation angle and branch asymmetry c0/b0 (m = 3). 

   
Fig. 5. Normalized equivalent SIF for the (a) longer and (b) shorter branch of a bifurcated crack during its propagation 

(2θ = 130o, m = 2). 

It must be pointed out, however, that the presented FE results and empirical models might have some limitations, 
because actual bifurcations can be of a size comparable to the scale of the local plasticity (e.g., of the plastic zone size) 
or microstructural features (e.g., of the grain size). Moreover, possible closure and environmental effects should be con-
sidered when comparing the bifurcation model predictions with measured crack growth rates. However, such limitations 
also apply to all FCG simulations based on SIF driving forces, thus it is no surprise its predictions reproduce reasonably 
well experimentally measured FCG retardation after a bifurcation, as discussed next.  
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3. EXPERIMENTAL RESULTS 
 
The predicted bifurcated FCG behavior has been verified on an annealed SAE 4340 steel (C 0.37, Mn 0.56, Si 0.14, 

Ni 1.53, Cr 0.64, Mo 0.18, S 0.04, P 0.035) ESE(T) specimen with SY = 377MPa, SU = 660MPa, E = 205GPa, and AR = 
52.7%. The test has been performed at 30Hz in a 250kN servo-hydraulic testing machine with a baseline stress intensity 
range ΔKI = 12.8MPa√m and R = 0.5, following ASTM E 647-99 procedures. The load and the crack-opening dis-
placement (COD) measured by a high speed data acquisition system data has been used to compute the crack closure 
load using a digitally implemented linearity subtractor output, a circuit developed to precisely measure the opening load 
(Castro, 1993). The crack branching has been induced by a 100% overload when the crack length was a = 25.55 mm, as 
described elsewhere (Miranda et al, 2003). Figure 6 shows the retardation effect induced by the bifurcation, leading to 
approximately 12,600 delay cycles along a process zone of about 0.3mm, and  that the R = 0.5 level resulted in no clo-
sure effects neither before nor after the overload, because the opening load always remained below the minimum value 
of the applied load range ΔP. Therefore, it can be concluded that the measured retardation effect cannot be explained by 
crack closure. In fact, the bifurcation event even reduced the closure level by 25% due to the increased compliance 
caused by the crack branches. Clearly, retardation effects associated with a reduction in Kop would be incompatible with 
any retardation model based on crack closure. It is implied then that bifurcation is the dominant retardation mechanism. 

   
Fig. 6. Fatigue crack growth retardation after a 100 % overload, R = 0.5 (SAE 4340), and opening load measurements, 

including the output of the linearity subtractor to enhance the nonlinear part of the load versus back face strain ε. 

The proposed retardation equations were implemented in a powerful general purpose fatigue life assessment pro-
gram named ViDa (Meggiolaro and Castro, 2003; Castro et al, 2009), where the estimated number of delay cycles asso-
ciated with the experimentally obtained bifurcation on the 4340 steel ESE(T) specimen has been calculated. The meas-
ured initial branch lengths are approximately b0 = 20μm and c0 = 16μm, with a bifurcation angle 2θ = 150o. The mate-
rial FCG behavior is modeled by equation (1) with A = 9⋅10−11 m/cycle, m = 2.2, and a threshold ΔKth = 3.8MPa√m, all 
measured under R = 0.5. Equation (6), is used to obtain the initial ratios Kb0/KI = 0.757 and Kc0/KI = 0.743, leading to 
ΔKb0 = 0.757⋅ΔKI = 9.69 and ΔKc0 = 0.743⋅ΔKI = 9.51MPa√m. Since both ranges are greater than ΔKth(R = 0.5) = 
3.8MPa√m, both branches are expected to start propagating, as verified experimentally. Since the measured Kop was 
smaller than the minimum applied SIF (Figure 7), no closure effects need to be considered, therefore the size of the 
process zone can be estimated directly from Equation (4), which results in bf = 15.33 × 20μm ≅ 307μm, matching very 
well the measured process zone size of 0.3mm. The number of cycles in the retardation region is then calculated by in-
tegrating the da/dN equation along the longer crack branch, from b = b0 to b = bf. The number of delay cycles nD can be 
estimated by: 
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f f
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which is very close to the measured 12,600 delay cycles. Therefore, both the process zone size and the number of 
delay cycles are reasonably well estimated from the proposed equations. 
 
4. CONCLUSIONS 

 
A specialized FE program was used to calculate the propagation path and associated stress intensity factors of bifur-

cated cracks, which can cause crack retardation or even arrest. A total of 262 crack propagation simulations were ob-
tained from a total of 6,250 FE calculation steps to fit empirical equations to the process zone size and crack retardation 
factor along the curved crack path. Very small differences between the lengths of the bifurcated branches are sufficient 
to cause the shorter one to eventually arrest as the longer branch returns to the pre-overload propagation conditions. The 
proposed equations can be readily used to predict the propagation behavior of branched and kinked cracks in an arbi-
trary structure, as long as the process zone is small compared to the other characteristic dimensions. From these results, 
it can be seen that crack bifurcation may provide an alternate explanation for overload-induced crack retardation on 
structural components, in special to explain load interaction effects under closure-free conditions. 
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