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Abstract. Several multiaxial fatigue damage models have been introduced in the literature. Most of them require some 
measure of an equivalent stress or strain amplitude, which may be difficult to obtain for non-proportional (NP) 
multiaxial load histories. To identify individual cycles, a multiaxial rainflow algorithm must be employed. Then, for 
each rainflow-counted cycle, the equivalent stress or strain amplitude of its path is often computed using the so-called 
convex enclosure methods, which try to find spheres, ellipsoids or rectangular prisms that contain such path in a 
deviatoric space. However, such procedure involves information loss, in special if the path shape is very different from 
the shape of the enclosing convex surface, resulting in poor estimates of equivalent amplitudes. To overcome this 
problem, the Moment of Inertia (MOI) method has been proposed to calculate equivalent amplitudes and mean 
components of two-dimensional (2D) stress or strain paths, generated e.g. by tension-torsion or biaxial histories. In 
this work, the MOI method is extended to general 6D stress or strain paths, which include all normal and shear 
components. To accomplish that, the history is represented as a path in a 5D deviatoric stress or strain space. This 5D 
path is then assumed to be a homogeneous wire with unit mass, whose perimeter centroid is used to estimate the 
location of the path mean component. Then, the Polar Moment of Inertia (PMOI) of such hypothetical wire with 
respect to its mean component is calculated, which represents the distribution of the path about a single point, the 
perimeter centroid. Thus, the PMOI gives a measure of how much the path stretches away from its mean component, 
which is used in the calculation of the equivalent amplitudes. Experimental results for 13 different multiaxial histories 
prove the effectiveness of the proposed method to predict equivalent amplitudes and fatigue lives. 
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1. INTRODUCTION 

As explained in Socie and Marquis (1999), several multiaxial fatigue damage models have been introduced in the 
literature, such as the ones proposed by Sines, Crossland, Findley, McDiarmid, Brown-Miller, Fatemi-Socie and Smith-
Watson-Topper (SWT). All of them require some measure of an equivalent stress or strain range, which may be diffi-
cult to obtain for non-proportional (NP) multiaxial load histories.  

For a given multiaxial stress-strain NP history, the fatigue damage can be calculated by projecting the history onto 
a candidate plane at the critical point. This critical plane approach is simple to compute for Case A cracks, which initi-
ate perpendicular to the free surface. In this case, the in-plane shear stress or strain may be counted using a uniaxial 
rainflow algorithm. On the other hand, for Case B cracks, which initiate at a 45o angle from the free surface, a multiax-
ial rainflow count must be performed to identify individual cycles formed by the in-plane and out-of-plane shear com-
ponents.  

For each rainflow-counted cycle, the equivalent stress or strain range is often computed using the so-called convex 
enclosure methods, which try to find circles, ellipses or rectangles that contain the entire projected path in the 2D case, 
or hyperspheres, hyperellipsoids or hyperprisms in a generic 5-dimensional (5D) equivalent stress space. The traditional 
convex enclosure methods have been reviewed by Meggiolaro and Castro (2012): the Minimum Ball, Minimum Cir-
cumscribed Ellipsoid, Minimum Volume Ellipsoid, Minimum F-norm Ellipsoid (MFE), Maximum Prismatic Hull and 
Maximum Volume Prismatic Hull. These methods make use of stress and strain parameters such as the von Mises stress 
and strain ranges Mises and Mises, defined by: 
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where the   is the mean (or effective) Poisson coefficient p e e p e(0.5 ) ( )        , while e and p are the elas-

tic and plastic components of the strains, and e and p are the elastic and plastic Poisson coefficients (p = 0.5 assum-
ing plastic strains conserve material volume).  

However, extensive simulations showed that all convex enclosure methods can lead to poor predictions of the 
mean stresses or strains, if they are assumed as located at the center of the ball, ellipse or prism, which shows a stress 
path shaped very differently from an ellipse and its Minimum F-norm Ellipsoid (MFE) enclosure. Convex enclosure 
methods may also result in poor estimates of stress or strain amplitudes, in special for highly non-convex NP history 
paths, such as cross or star-shaped paths. 

The Moment Of Inertia (MOI) method has been proposed by Meggiolaro and Castro (2012, 2013) initially to cal-
culate alternate and mean components of two-dimensional (2D) non-proportional load histories. To accomplish that, the 
history must first be represented in a 2D Euclidean sub-space of the transformed 5D deviatoric stress-space E5 (for 
stress histories) or strain-space E5 (for strain histories). These 5D deviatoric spaces represent the stress and strain states 
using the vectors S '  and e ' , defined as 

T
1 2 3 4 5S ' [ S S S S S ]  and  T

1 2 3 4 5e ' [ e e e e e ]                                      (3) 
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Note that the 5D stress-space used in the MOI method is a scaled version of the Euclidean space proposed by Pa-

padopoulos et al. (1997). The MOI method assumes that the 2D load path, represented by a series of points (X, Y) that 
describe the stress or strain variations along it, is analogous to a homogeneous wire with unit mass. Note that X and Y 
can have stress or strain units, but they are completely unrelated to the directions x and y usually associated with the 
material surface. The mean component of the path is assumed, in the MOI method, to be located at the center of gravity 
of this hypothetical homogeneous wire shaped as the load history path. Such center of gravity is located at the perimeter 
centroid (Xc, Yc) of the path, calculated from contour integrals along it 
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where dpXY is the length of an infinitesimal arc of the path and pXY is the path perimeter, see Fig. 1. 
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Figure 1. History path, assumed as a homogeneous wire with unit mass. 

Note that this perimeter centroid (PC) is in general different from the area centroid (AC), which is the center of 
gravity of a uniform density sheet bounded by the shape of the closed stress or strain path. The reason to choose the pe-
rimeter centroid instead of the area centroid to locate the mean component can be readily seen in the example in Fig. 2. 
In this example, the right portion of the history has almost zero area, therefore it allows the area centroid to be located 
approximately at the origin of the diagram, which is not physically reasonable for such an asymmetrical path. The pe-
rimeter centroid, on the other hand, gives a much better estimate of the mean component of such stress or strain paths. 



Proceedings of PACAM XIV       14th Pan-American Congress of Applied Mechanics 
 March 24-28, 2014, Santiago, Chile 

 

ei or Si

ej or Sj

xAC x
PC

path

 
Figure 2. The area centroid (AC) does not reflect well the mean component of the stress or strain path, while the pe-

rimeter centroid (PC) is a good measure of such mean. 

As described in (Meggiolaro and Castro, 2012), the MOI method calculates the equivalent stress or strain ranges 
of a loading path from the mass moments of inertia (MOI) of its analogous homogeneous wire, calculated with respect 
to its perimeter centroid. These MOI at the centroid are obtained from the parallel axis theorem applied to the MOI cal-
culated at the origin O of the diagram, given by the contour integrals along the path 
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2. MOI METHOD FOR GENERAL LOAD HISTORIES 

 
In this work, the Moment Of Inertia (MOI) method is generalized to calculate the alternate and mean components 

of a load path involving all six stress or strain components, instead of only two. When a 6D stress or strain path is repre-
sented in the 5D deviatoric sub-space associated with S '  or e ' , the stress or strain scalar quantities associated with its 
Polar MOI can be defined as 
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where Sdp | dS ' |  and edp | de ' |  are the lengths of infinitesimal arcs of the stress and strain paths, pS and pe are the 

respective path perimeters, the mean component mS '  or me '  of the deviatoric path is given by 
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and rm is the distance between each point in the path and its centroid. 

To compute the actual mean stresses and strains, it is necessary to include the contribution of the mean hydrostatic 
stress hm and strain hm. From the matrix transformations between the 6D and 5D representations (Meggiolaro and Cas-
tro, 2012), the actual mean stress and strain components become 
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   T
hm hm 1 1 1 0 0 0   and   T

hm hm 1 1 1 0 0 0                                                       (12) 

 
Analogously to the 2D version of the MOI method, if Ip is integrated along a full loading cycle, then the equiva-

lent stress or strain amplitudes become 
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Note that, for 2D histories such as tension-torsion load paths, the equivalent stresses are identical to the ones 

from the original 2D MOI method (Meggiolaro and Castro, 2012). Therefore, this 5D approach is indeed a generaliza-
tion of the 2D version. In addition, since the norm  m| S ' S ' |  is equal to the relative Mises stress between each point S '  

from the path and the path centroid mS ' , it is possible to interpret the MOI method for stress ranges as a root mean 
square (RMS) of relative Mises stresses along the path with respect to the centroid. Analogously, the MOI method for 
strain ranges can be interpreted as a RMS of the relative Mises strains  m| e ' e ' |  along the path. 

 
3. COMPARISONS AMONG THE EFFECTIVE RANGE PREDICTIONS 

The MOI predictions of effective ranges along with the predictions from the Minimum Ball method (Dang Van and 
Papadopoulos, 1999) and Maximum Prismatic Hull method (Mamiya et al., 2009) are now compared to experimental 
measurements from Itoh (Kida et al., 1997) in a 304 stainless steel. Thirteen periodic histories are studied, represented 
by the block loadings shown in Fig. 3 for Cases 0 through 12. Note that most loadings from Fig. 3 consider 1 cycle per 
block, except for Cases 1 through 4, which consider 2 cycles per block. The number of cycles in each load block can be 
deterministically obtained using e.g. the Wang-Brown rainflow algorithm (Wang and Brown, 1996). 

The predicted effective ranges in each case are used to calculate the multiaxial fatigue lives for each history, which 
are then compared to the experimental measurements. The Ramberg-Osgood stress-strain equations and the Smith-
Watson-Topper (SWT) damage model are used in a critical plane approach to calculate the fatigue lives N (in cycles), 
using the properties of the 304 stainless steel: 
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Table 1 shows the life predictions according to the MOI, MB and MPH methods. Note that the MOI method consid-
ers 2 cycles per block for Cases 1 through 4 (marked with an * in the Table), as obtained by a Wang-Brown multiaxial 
rainflow count.  

The MOI method predicts that Cases 0 through 5 are essentially proportional. This is reasonable, because the star 
and cross shaped histories from Cases 1-4 are indeed the combination of 2 perpendicular proportional paths. The MPH 
generates bad predictions in this case, since such method wouldn’t be able to distinguish between a cross shaped and a 
circular history. For Cases 5-12, the MOI method also results in good predictions, which agree with the MPH method. 
However, the MB method implicitly assumes that all cases are proportional, leading to poor predictions for Cases 8-12. 

 
Figure 3. History paths used in the experimental validation of the Fnp and equivalent range predictions. 
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Table 1. Fatigue life predictions N (in cycles) using the SWT damage model and the MOI, MB and MPH methods. Note 
that Cases 1-4 consider 2 cycles per block, e.g. the measured life for Case 1 was 1,400 blocks and thus 2,800 cycles. 
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In summary, the MOI method results in quite good life predictions in all studied histories, all estimated within only 
20% from the experimental results, see Fig. 4. Note that these are not curve fittings, they are true predictions made us-
ing the MOI method (together with SWT) without any adjustable parameter. The MPH method, on the other hand, gives 
poor life predictions for Cases 1-4, since it wrongfully assumes that these cross or star-shaped histories are 90o out-of-
phase, instead of being proportional. And the MB method results in non-conservative predictions in Cases 8-12, since it 
wrongfully assumes that these paths are proportional. 

 
Figure 4. Measured and predicted fatigue lives using SWT and the MOI, MB and MPH methods, for a 304 steel. 

 
4. CONCLUSIONS 

The MOI method is able to obtain equivalent amplitude/range and mean components of non-proportional multiaxial 
histories, without the need for adjustable parameters or incremental plasticity calculations. The MOI method accounts 
for the contribution of every single segment of the stress or strain path, dealing with an arbitrarily shaped history with-
out losing information about such shape. Experimental results demonstrated the effectiveness of the MOI method. 
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