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Abstract: Holes generate localized concentration effects on stresses and strains fields, but they are
usually unavoidable in real structures for functional reasons. This paper studies such effects induced
by circular holes in composite plates under several load conditions. First the Stroh Formalism is
introduced and used to obtain the elastic stress solution on the border of these holes subjected to
general in-plane loads, and then Tsai-Wu’s, Puck’s, and LaRCO05 failure models are applied to predict
the initial damage using the First-Ply-Failure (FPF) methodology. These theories were chosen because
they performed well on the World Wide Failure Exercise (WWFE) and properly address the
macromechanics of the stress concentration problem. Just single layered unidirectional laminates are
evaluated, but the methodology can be extended for any laminate. The main differences between FPF
predictions occur when the fibers fail under compression, since the hypotheses used for Puck and
LaRCO05 models in such cases are completely different. The difference between initial damage
predictions considering plane stress and plane strain limit conditions may also be significant,
depending on the failure criteria and load conditions.
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1. INTRODUCTION

Even though notches locally concentrate stresses and strains, they are needed in most structures for
functional reasons, so they usually are unavoidable in practice. For isotropic materials, this topic had
already been exhaustively studied [1], but for anisotropic materials the few solutions available were
obtained with the Lekhniskii formalism [2], although the newer Stroh formalism has several
advantages over it for plane (stress or strain) elasticity [3,4]. So, this simpler method is used in this
paper to obtain the stress distribution along the border of a circular hole in a large composite plate
subjected to general in-plane loads. Moreover, to estimate the damage around the hole, Tsai-Wu,
Puck, and LaRCO05 failure criteria are applied using the damage-free design methodology, as
recommended by the World Wide Failure Exercise (WWFE) [5,6]. However, since none of them
generated systematically better previsions in all tests, the WWFE concluded that it is still necessary to
compare theirs estimates, a procedure used in this work as well.

Using the Stroh formalism and the WWFE recommendations, different load conditions are studied
to evaluate the influence of fibers inclination in a single layered unidirectional laminate. Since just
initial damage is analyzed in this paper, notice that its progression is not evaluated. But the effect of
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the plate thickness in the failure mechanism is considered using the plane strain assumption. For any
finite plate thickness it is expected that the actual stresses lie between the two considered bounds,
plane stress and plane strain conditions. The materials properties used in these analyses are listed in
Table 1. The difference between plane stress and plane strain strength estimates can be larger than
60%, indicating that further investigation of the thickness influence is recommended. The main
difference between the failure models used here is how they treat fiber failure under compression. The
LaRCO05 criterion assumes damage considerable before the others, since it considers fiber instability.

Table 1: Mechanical properties of carbon/epoxy used in this work [7]

Elastic Properties Strengths

By 140 GPa Sh 1990 MPa
By =By 10 GPa Sh 1500 MPa
Gy = Gy 6 GPa S5y = Sy 38 MPa

G 3.35 GPa 53 = 553 150 MPa
Vg = Vi3 0.3 Spp =53 70 MPa

Va3 0.49 Sos 50 MPa

B/ 231 GPa

D) 0.2

2. STROH FORMALISM

The Stroh formalism is a powerful mathematical tool to model anisotropic elasticity, which has
been successfully used to solve several 2D problems, see Ting [3] and Hwu [4] for further details.

In a general way, the equilibrium requirements, geometrical compatibility, and linear elastic
constitutive relations are expressed as

O = 0 (1)

1
& = E(u” + um.) 2)
04 = Sy (3)

To start with, suppose a displacement field solution with the form w, = v, f (z), where v, depends
on material constants (eigenvector) and f (z) is a generic function that depends on the boundary

conditions and also on material properties. Considering, without loss of generality, z = z, + pz,,

where p is a material constant (eigenvalue), it can be shown that
[Q/L +(Rik +Rk/1>p+];kp2]vk =0 “)

where Q= 5,15 Ry = sy a0d T = 5,5,

However, these equations consider that the reference coordinate system coincides with the material
coordinates, but this is not necessarily true in practical applications, and usually it is not. In fact, to
obtain the stress distribution around a circular hole in a large anisotropic plate it is necessary to use
three coordinate systems; one to define the load, called global in this paper; another to define the
material properties, named material coordinates; and the last one to map the hole border. To use a
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clear notation, an upper index is used to reference the global and local coordinates. The following
relations are helpful to relate these coordinates:

Q¥ :QCOSQH—f—(R—|—RT)sinﬁcost9+Tsin29 (5)
RY = Rcos? 6 + (T — Q)sin@cos@ +RTsin’0 (6)
T" :TcosQH—(R—I—RT)sinecosG—l—QsinQG (7)

Using the Airy stress function, considering a solution of the form ¢, = w,f ( z) and satisfying the

boundary condition d)| w — ¢ and ¢ |; = 0, and using the conformal mapping technique, the stress

solution can be expressed as

) _ . (Al ! . ! !
U§1) =14 (Gg)'rz + GEO,)Tl ) ) (Gg)Tl - GE’))TZ) (8)
were iy =[1 0 0], i, =[0 1 0], & =[N }T - NUSL, GY = -NYL, 1 =0y, 0y, 0]
and T, = [021 O99 O]T . The components of the fundamental matrix of elasticity are
NO — _[T0] " [RO) ©)
NU = RO [T0] ' [RO]" — QO (10)
and the Barnet-Lothe tensors are defined for an orthotropic material as
0 (Sp)y 0
Spr, = (SBL )21 0 0 (11)
0 0 0
(Lo )y 0 0
Lo = 0 (L) O (12)
0 0 (Lp)y

where, for plane stress,

(Spr )12 = [<E2/G12) +2 (1 - V12V21)\/ E2/E1 ]71/2 (1 A V12V21) (13)

]2 o) [

(1_\/V12V21) (14)

G E, || E ) fE
(SBL)Ql == Em E2 [G—2]+2(1—\/V12V21) E_2
[02] +2 (1 W V12V21> E72 . !
12 1

(Lps )11 = [El/(l VY12V )] [(EZ/GIZ) +2 (1 VPl )\I E2/E1 ]71/2 (1 -V ”12”21) (15)
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2

[E2]+2(1@) gl[ﬁ—]”“—ﬁ%:} (1= Vo) (16)

(LBL )33 = \/G13Gz3 (17)

3. FAILURE CRITERIA

This section briefly introduces the failure criteria used here. Additional details are found in
references [8] for Tsai-Wu, [9] for Puck, and [10] for LaRCO05.

3.1 Tsai-Wu

Tsai-Wu model is the most popular of those used in this paper. It has an adjustable polynomial
function and can be expressed as

2

of (03, +03,) oty + 0ty 93
frw = gt gﬁ, gt ge 2 g + 301 (09 +035) +
11°11 22922 (512) 23 (18)
1 1 1 1
+ 03095033 +[_r, |1 +[ T o }(022 +033)
St St S S5

Despite no phenomenological basis, it has a great advantage of easer applicability.

3.2 Puck

Puck model use the following four different equations to model fiber and matrix failure under
tension and compression

19 = (1/8) o + (B BP ) iflmy = vio] (o + ) (19)

= 55 o+, 00 ol sl )+ 100 @
5 = ot 58 +25/2) o2 + o 50 @y

5 = (o /S8 +2(plSB) A5 + (1= 204 85,/58) (057 /58] +(on/ X1 ) 22)

where m; is equal to 1.3 for carbon fiber in polymeric matrix, X, =1.15}, if o, >0 or

X, =—-1.18f, if 09, <0 and 6 <n < 8. The stress components on the critical plane are computed as

(23)

= Aoy, Where )\ = cos(:pi,:cj) and the angle between z, and z$* is 7. At last to quantify

g,

the shear effect, the “equivalent” shear is calculated as of, = \/ [(0533)) + (o5))? ] and assuming pf,

and pf, are equal respectivly to 0.3 and 0.35 for carbon fiber, the quantities

(o8/S5) = (o2 /5,,) + (o9 /s, Ps = St (6o /51 ) Ph = St (pla/S1a)

S§§3> = (S12/2pf2) . [\/(1 + 2p§, S§2/512) — 1} can be calculated.
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3.3 LaRC05

LaRCO05 models also propose different models for fibers under tension or compression, using just
an additional term to calculate the matrix damage under tension. These equations are

féf’t) = ‘711/Sf1 (23)
199 = ot 5=l (ot stz <ol )| + s fo. o) 5] "

fLm) = [ /(SIZ - bL‘72 ] +[ 5 /(5223) - bTUgS))r

A stress decomposition similar to Puck's model is necessary to obtain the critical plane, using
by = —(1/tan20, ), S5 = S5, cosdy (sinf, + cosdy/tan20, |, b, =0.082 and 6, = 53°. However, for

max 00223) /572'2} (25)

fiber under compression and completely different approach is proposed here.

(

Two stress component decompositions are needed; first to find the critical plane alf ) = Nk A 1O »

29

where ¢ is the angle between :Jc2 ) and z, , and then o;; (mis) _ )\ikAﬂaff) to obtain the stress components

on the fiber misalignment direction of the crltlcal plane. The initial misalignment angle is
©y = (1 - Sfl/Gu)a tan[(l - \/1 — 4(512/Sf1 + bL)Su/Sfl )/2 (Sm/Sfl + bL)] , a material property.

4. RESULTS AND DISCUSSION

Strength is associated with initial damage and the index FPF (First-Ply Failure) clarifies this in the
notation. Due to space limits, just uniaxial loads are discussed following, but additional results are
available in [12]. To start with, Fig. 1 shows the stress components distributions around the circular
hole border in material coordinates, for a range of fiber-to-load angles a.

Comparing with the classical results for isotropic materials, where stress concentration effects
range from -1 to 3, in a single lay laminated plate such effects range from -4 to 7. Predictions of tensile
and compressive FPF strengths for these cases by the three failure criteria used in this work are shown
in Fig. 2, as a function of the fibers angle. For tension the failure theories yield similar results, while
for compression they generate significantly different predictions. The results are normalized by the

largest strength, which is on the fibers direction. Notice that according to table 1, Si; / St, =524 and

Sa / S5, =10, so matrix failure tends to be the dominant mechanism in Fig. 2.

For tensile loads, when «=0°, it is expected that damage initiates for 90MPa < &'? <100MPa

according to all models and for compressive loads, when @ =15° and ¥ =-70MPa, just LaRCO05

model indicates failure. The models function estimations are presented in Fig. 3. Note however that
contrary to what happens in isotropic plates, failure is expected in this case at 6 = ¥20°, instead of at
6 = 0° for tension and € = 170° for compression. Note that the maximum stress concentration location
is NOT necessarily the critical point around the hole border.
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Figure 1: Stress concentration in material coordinate for a circular hole under plane stress.
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Figure 2: Normalized strength predictions for three failure criteria for uniaxial tension and
compression applied to a large plate with circular hole under plane stress.
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Figure 3: Critical points for tension and compression loads.

The Stroh formalism may be modified for plane strain problems. For additional discussions, see
[3,4]. The stress distribution are omitted here, but the additional component (o) can be even larger

than the nominal applied stress depending of the fibers-to-load angle [11].
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Figure 4: Comparison between normalized strength predictions for three failure criteria for uniaxial
tension and compression applied to a large plate with circular hole under plane stress and plane strain.

Considering the plane strain hypothesis as an upper bound for thick plates, while plane stress is
more appropriated for thin plates (lower bound) [12], the failure criteria are applied to estimate the
maximum error generated on the strength estimation when the thickness effect is despised. Assuming
the plane strain hypothesis the strengths were obtained following the same procedure than for plane
stress and are presented in Fig. 4. To get an easier comparison, the strengths estimated for plane stress
are also plotted together. For tension, the tendencies remain similar (not equal), but for compression
the results are very different both on curve shape and magnitude aspects. The largest variation is for
LaRCO05 because the multiaxial stress state has influence in fiber instability.
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5. CONCLUSIONS

Uniaxial tension and compression stress concentration effects around the border of a circular hole
in a very large anisotropic plate were analyzed for plane stress and plane strain conditions. Clearly, the
fibers inclination which produces the higher stress concentration do not means the critical fiber-to-load
angle, as pointed out by Vignoli et al [13]. This result is basically because the higher stress component
is acting on the fibers, which have a much higher strength than the matrix.

The thickness effect was evaluated and it was proved that it must be considered for design purpose
because the errors generated are not disregarded for all the criteria, becomes even more significate for
fiber under compression according to LaRCO05 (up to 60%).
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