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ABSTRACT. The combined strip-yield critical-damage model (SY-CDM) 
estimates the crack growth increments in a cycle-by-cycle basis through a 
gradual damage accumulation process ahead of the crack tip. So, it combines 
the strip-yield concepts with the cyclic damage accumulation routines. As well 

known, the strip-yield model (SYM) uses a plastic constraint factor  to 
increase the tensile flow stress SF in the unbroken elements along the plastic 
zone (pz) during loading. This is done to consider the effects of the actually 
3D stresses around the crack front, caused by plastic restrictions. In this 
work, a three-dimensional (3D) elastic-plastic (EP) finite element (FE) model 

is used to calculate plastic constraint factors  based on normalized EP 

normal-stress yy inside the pz for a combination of geometries and load 
conditions in middle-crack tension M(T) specimen. The results indicate 

changes in  for different conditions. Thus, this factor variation behavior 

could be used to better estimate da/dNK curves using SY-CDM model.   
  
KEYWORDS. Incremental 3D finite elements elastoplastic calculations, plastic zone, 
constraint factor, fatigue crack growth, strip-yield model, damage accumulation. 
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INTRODUCTION 
 

The plastic constraint factor  is an important parameter to predict and characterize fatigue crack growth (FCG) in 
cracked component. Several investigations have used three-dimensional (3D) elastic-plastic (EP) finite element analyses 

(FEA) to relate  to FCG and fracture behavior such as stable tearing, and unstable fracture [1-6]. The  level depends on 

the material stress-strain - properties, geometric and load parameters such as the component width-to-thickness W/B, 

the crack size-to-component width a/W, and the nominal stress-to-yield strength n/SY ratios. From 3D EP FEA, 

equations describing  level have been proposed to be used on the strip-yield models (SYMs) [1-4]. 
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Originally, the SYM uses a  to increase the tensile flow stress SF in the unbroken elements along the plastic zone (pz) 
during loading. This is done to consider the effects of the 3D stresses around the crack front, due to plastic restrictions 

when the specimen is thick and cannot be assumed to work under plane stress pl-. Fig. 1 shows the crack surface 
displacements and the stress distributions around the crack tip [7]. It is formed by: 1) a linear elastic region containing a 
fictitious crack of half-length a + pz; (2) a plastic region of length pz and (3) a residual plastic deformation region along 
the crack surface. The pz is discretized in a series of rigid-perfectly plastic 1D bar elements, which are assumed to yield at 
the flow strength of the material. 
 

 
Figure 1: Crack surface displacements and stress distribution along the crack line at the maximum and minimum applied stresses [7]. 

 

The  parameter should vary from  = 1 for pl- to up to  1/(1  2) ≈ 3 for plane strain pl- limit conditions, where 

 is Poisson’s coefficient. The factor  is used to accommodate, in the SYM, a more general case of stress state improving 

the simulation of measured da/dNK curves. 

There is a number of detailed 3D EP FE studies to characterize based on geometric and load conditions [1-4]. This 

series of studies presents several versions of and its evolutions along time. The simplest plastic constraint factors  are 

based on the normal, tangential, and hydrostatic-stresses along the crack front [1]. The normal-stress  is defined as the 

ratio of the normal stress-to-yield strength (yy/SY) along the crack front, Eq. 1. Likewise, the tangential-stress  is defined 

as the ratio of the tangential stress-to-yield strength (xx/SY) and the hydrostatic-stress  is defined as the ratio of the 

hydrostatic stress-to-yield strength (m/SY). Changes in these local factors along the crack front with different, a/W, W/B 

and n/SY ratios are presented. In the same work, a global constraint factor g is defined as the average normal-stress-to-
yield strength ratio acting over the yielded elements on the untracked ligament, Eq. 2. 
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where A, is the projected area on the uncracked ligament of a yielded element n, yy/SY is the normalized normal-stress, 
and AT is the total projected area for all elements Ele yielded. 
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In other work [2], 3D EP FE analyses are performed to study the stresses and deformations around crack fronts in three 
specimen types: middle-crack tension M(T), double-edge-crack tension DE(T) and single-edge-crack bend SE(B). All 

simulations are made using an elastic-perfectly plastic material.  The g is defined for using with a SYM. Using this 

combination g-SYM, both the pz sizes and crack tip displacements for the M(T) cracked component agreed well with 3D 
FE results. 
Further, two new factors are proposed to evaluated the stresses and deformations around semi elliptical surface cracks in a 

plate subjected to tension and bending loads [3]. Both constraint factors are similar to the g, developed by Newman et al 

[1, 2]. The hyper-local normal-stress constraint factor h is the average of the normal-stress acting along a ray 
perpendicular to the crack front of the yielded elements. This factor is defined as 
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where Ar() is the total projected area for all yielded elements along a given ray Ele(). 
 

For comparison, a hyper-local hydrostatic-stress constraint is given by 
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where m is the hydrostatic-stress given by (xx + yy + zz)/3. 
 

Both hyper-local constraint factors show the same trends but h at lower magnitudes. Thus, they could be used to 

describe the surface crack constraint behavior as well. For comparison, the g for a through-the-thickness crack under 

pure plane strain bending is measured and found to be about 2.7 [2], a higher value than the results for h and h. 

The more evolved constraint factor () are investigated in [4]. It is a modified version of the h [3], which is an evolution 

of the g [1]. The previous assessments are based on an elastic perfectly plastic material [1-3]. In this new version, a single 

analysis is conducted on a tension model using the engineering notation E (/H)1/h , where E is the modulus of 
elasticity, H and h are the Ramberg-Osgood parameters. The calculation of individual element areas is eliminated entirely 
by defining constraint as the normal-stress-to-yield strength ratio acting along a line or path, Fig. 2. This new constraint 
factor is defined as 
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where S() defines the arc length of a hyperbolic path originating and perpendicular to the crack front at  and 

terminating at the perimeter of the pz and yy/SY is the normalized normal-stress component interpolated onto the 
defined path at location s. 
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Figure 2: Normal stress constraint factor for surface crack [4]. 

 

All equations describing the plastic constraint factor  level may be used on the new combined strip-yield critical-damage 
model (SY-CDM). This approach estimates the crack growth increments in a cycle-by-cycle basis through a gradual 
damage accumulation process ahead of the crack tip. So, it combines the strip-yield concepts with the cyclic damage 
accumulation routines well described elsewhere [8, 9]. 
In this work, a constitutive multilinear isotropic hardening model is used to numerically estimate the 3D EP frontiers of 

the monotonic pzs in terms of the Mises equivalent strain eq, as well as the normalized EP normal-stress yy/SY 

distributions inside them to calculate the plastic constraint factors  for a combination of geometries and load conditions. 
Finally, the results of these factors are evaluated. Then, proposed how this factor variation behavior could be used to 

better estimate da/dNK curves using SY-CDM model.   
 

FINITE ELEMENT ANALYSES 
 
All numerical simulations are performed considering only 1/8 of the modeled M(T) specimen due to their symmetries. 
The procedure involves two calculation steps. Firstly, the global model without considering a denser refinement mesh is 
solving. Then, the submodel that contains the pz with a much more refined mesh. 
 

 
Figure 3: Some characteristics of the global models and sub-models [6]. 
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Quadratic elements (3D SOLID186) are used in these FE simulations, and only the fractions of the volumes 
corresponding to their plastified Gauss integration points are counted as part of the 3D pz around the crack fronts. So, 
the smallest unit of volume treated in the pz models became 1/8 of the volume of the element [6].  
 
For the traditional specimen selected for this study, there are well-known expressions for Stress Intensity Factor (SIF) in 
mode I KI available in the literature: KI = P/(B√W)f(a/W)Specimen, where f(a/W)Specimen is a geometry function that depends on 
the crack size-to-specimen width a/W ratio. The Eq. 6 presents the function for the cracked component M(T) [10] used in 
all numerical simulations. 
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Eq. 6 

 
Numerical validation 
To validate the 3D EP FE model, a comparison is made to classic 3D results taken from Newman et. al [1, 2] for M(T) 
specimen. The numerical simulation is performed considering only 1/8 of the modeled M(T) due to its symmetries, using 
W = 40mm, H = 2W, a/W = 0.5, and W/B = 8. The material was assumed to be elastic perfectly plastic with E = 

71.5GPa, SY = 500MPa and  = 0.3. The applied normalized SIF is KI/(SYW) = 0.33. The simplest plastic constraint 

factors  = yy/SY obtained only for W/B = 8 are show in Fig. 4. In addition, two global normal-stress constraint factors, 

mean = (yy/SY )mean = 2.63 and g = 1.72, are presented on the same graph. Newman's results are also illustrated for three 
W/B ratios to make comparisons [1]. 
 

 
Figure 4: Local and global normal-stress constraint factors along the crack front. 

 

GLOBAL CONSTRAINT FACTOR VARIATION 
 

Based on the plastic constraint factor  approach and its evolution [1-4], an evaluation of  is made this work. The factor 

 should vary with changes in the component geometries, material and loading conditions. To check so, for a given KI = 

25MPam,  the geometry parameter represented by crack length-to-component width (a/W = 0.15, 0.20 and 0.25) and 
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loading condition represented by nominal applied stress-to-yield strength (n/SY = 0.4, 0.5 and 0.6) ratios are simulated. 
The M(T) component thickness-to-component width is B/W = 8. The mechanical properties are given in Tab. 1 [11], and 

the true - curve used in the 3D EP FE models is shown in Fig. 5. 
 

Table 1: Material and properties [11]. 

Material 
E 

(GPa) 


(   ) 

SU 

(MPa) 
SY 

(MPa) 
EL 
(%) 

RA 
(%) 

H 
(MPa) 

h 
(   ) 

7075-T6 72 0.33 576 489 17 11 793 0.09 

 

The constraint factor  investigated in this work is a modified version available in the literature [4]. The  constraint 
variations around a straight through crack in M(T) specimen is defined by 
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where Xn is the length of the projected path line from and normal to the crack front at z up to the perimeter of the plastic 

zone,yy/SY is the normalized stress component onto the defined path line at location z for Gauss point n, and X(z) is the 
total length of the projected path line for all yielded Gauss points along a given perimeter of the pz Gp(z). 
 

 
Figure 5: The true stress-strain curve of the studied 7075-T6 aluminum alloy. 

 
Fig. 6 shows the middle tension M(T) cracked component modeled in this study and details of the pz area ahead of the 

crack front used to calculated 

Fig. 7 illustrates the plastic constraint factors along the crack front for a KI = 25MPam, geometries and loading 

conditions adopted in this study. These constraint factors are calculated by Eq. 7. Tab. 2 presents the average mean 
variations for each condition. For the M(T) cracked component, the plastic constraint factor decrease as the crack length 

(a/W) and load condition (n/SY) decrease. 
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Figure 6: M(T) specimen geometry and details of the perimeter of the plastic zone. 

 

 
Figure 7: Plastic constraint factors along the crack front for a KI = 25MPam. 
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Changes in n/SY may affect the pz sizes, as studied elsewhere [12]. Whether the plastic constraint factor is also modified 

by n/SY, thus the prediction and characterization of fatigue crack growth (FCG) in cracked component may be affected 
as well. 

 
Table 2: Average plastic constraint factor mean for geometries and loading conditions. 

 a/W 
n/SY 

0.4 0.5 0.6 

0.15 - - 1.43 

0.20 - - 2.14 

0.25 0.24 1.01 3.14 

 

CONCLUSIONS 
 
In this work a 3D elastoplastic finite element analyses have been used to compute the plastic constraint variations around 
a straight through crack in middle tension cracked component. First, the numerical results reproduced well the classic 3D 
results taken from Newman for the same M(T) specimen. Based on plastic constraint factos along the crack front, this 
study suggests that predictions and characterizations of fatigue crack growth in cracked component may be affected by 

geometries and load conditions n/SY . Using this definition to quantify the plastic constraint factor, it is possible to 
calibrate these factors as a function of geometries and load conditions. 
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