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Abstract. Engineering problems that involve fatigue crack growth and
fracture frequently can be studied by taking into account only mode-I fea-
tures. However, many important problems that involve combined mode |
and Il loadings cannot be properly analyzed by a pure mode-1 approach,
which in particular may not be sufficient to estimate fracture toughness for
practical purposes in such cases. Such mixed-mode problems involve crack
orientation and/or load conditions that lead to combined local Stress Inten-
sity Factors (SIFs) K,/K;; around the crack front. Using multiaxial crack tip
condition characterized by the crack inclination angle £in a mixed-mode
K/K;; modified single edge tension SE(T) specimen, such mixed-mode ef-
fects on plastic zone shapes, volumes and plastic work Up_ are taken into
account to evaluate problems that involve fatigue and fracture.

1 Introduction

Elastoplastic (EP) stress/strain fields around crack tips are most important in structural
integrity evaluations. Damage accumulated on them is the actual driving force for failure
mechanisms such as fatigue crack growth (FCQG), stable crack tearing, unstable fracture,
and even environment assisted cracking. Since cracks prefer to grow perpendicularly to the
main principal stress (at least when it is tensile), probably most engineering problems that
involve FCG can be properly modelled by taking into account only mode-I features. How-
ever, there are many important problems where the combined effect of mixed mode I and II
loadings cannot be neglected. In particular, a pure mode-I approach may not be sufficient to
estimate fracture toughness for practical purposes in such cases. Such mixed-mode prob-
lems involve crack orientation and/or load conditions that lead to non-negligible combined
local Stress Intensity Factors (SIFs) K\/K,, around the crack front. Therefore, it is almost a
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truism to claim that analyses of cracked components that induce mixed-mode conditions
around the crack tip under multiaxial stress states are needed to properly evaluate their
fatigue and fracture behavior.

It is well known that geometric parameters, loading conditions, and transversal con-
straints can affect plastic zone (pz) sizes and shapes. Indeed, for instance under pure mode I
conditions, a same SIF value K; can provide different pz sizes and shapes in thin or thick
components due to plane stress or plane strain conditions along the crack front. This effect
occurs because of transversal displacement constraints around the crack tip in thick compo-
nents, which may restrict the pz formation by inducing higher localized hydrostatic stress
components (in comparison to the plane stress conditions prevalent in thin cracked compo-
nents). In the case of pure mode I loadings, there is a number of detailed 3D numerical
studies to quantify pz effects on the structural integrity of cracked mechanical components,
see e.g. [1-4].

However, what certainly is less well-known is that pz sizes and shapes can be much
affected as well by equally important effects of nominal load to yield strength o;,/Sy and of
crack size to component width a/W ratios. Such effects are simply neglected in traditional
pz estimates, which assume pzs depend only on the driving force (the SIF K under linear
elastic (LE) or the equivalent J-integral under elastoplastic (EP) conditions) and on the
cracked component thickness, although improved estimates can clearly identify at least the
o,/Syeffects [S]. Therefore, it should not be a surprise that traditional pz estimates, as well
as structural integrity evaluations based on idealized SIF-dominated stress/strain fields, can
be highly inaccurate and thus useless for many practical applications.

Moreover, probably due to the widespread use of traditional pz estimates, o;,/Sy and
a/W effects are not properly evaluated or even considered in many numerical studies either.
To show how inappropriate this practice can be, a recent work [6] used extensive 3D in-
cremental EP numerical simulations to calculate the plastic work Up; dissipated inside the
pzs under a same K; value but different /Sy and a/W conditions. That work quantitatively
evaluates the use of Up; to estimate the onset of crack tearing in practical EP fracture appli-
cations, and presents some experimental evidence that supports such simple and physically
appealing idea. In fact, ¢;/Sy and a/W effects can explain the huge dispersion of EP fracture
toughness measurements because, from a physical point of view, the toughness should be
controlled by Up, since the work spent to create two new crack faces is much smaller than
it in tough materials. The present work extends to mixed mode I-II problems the idea that
Upp can and (at least in the authors’ opinion) should be used to quantify EP toughness in
practical applications, in particular because its numerical calculation by EP finite element
procedures, even though not a trivial task, is not a major barrier nowadays.

Experimental photoelastic results and 2D numerical studies under mixed mode I-II
configurations are well detailed elsewhere [7-9]. To explore 3D effects on mixed mode I-I1
problems, the influence of crack tip plastic zones, SIFs, and crack inclination angles f, as
well as of 0,/Sy and a/W ratios, is numerically investigated by studying a modified single
edge tension (SE(T)) specimen [10].

To do so, this work describes and uses an improved methodology for evaluating 3D
pz volumes around crack fronts based on 3D EP submodeling finite element (FE) tech-
niques proposed and detailed studied elsewhere [6]. This methodology can be used to eval-



uate cracked components under different transversal constraint levels. These constraints are
varied changing the specimen geometry and loading conditions. Geometry parameters are
represented by crack length-to-specimen width @/ and specimen width-to-specimen thick-
ness W/B ratios. Loading conditions specified by a given K; or combined K/K; ratios con-
sider they can be induced by different nominal stress-to-yield strength o,/Sy ratios. Multiax-
ial loading conditions are considered by varying the crack inclination angle £ (in radians) in
a modified mixed-mode K/K}; single edge tension SE(T) specimen [9], see Fig. 1.
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Fig. 1. Some characteristics of the global models and sub-models used to study the mixed mode I-II
behavior of a modified single edge tension SE(T) specimen.

2 Finite Element Analysis

A modified SE(T) specimen is considered in this study to simulate mixed mode I-1I loading
conditions by simply varying the crack angle £, as depicted in Fig. 1.The specimen width is
W, its height is 2L, the thickness is B, and the crack length is a. Pure mode I loading condi-
tions are achieved when £ = 0°. This modified SE(T) specimen is supposed to carry a nom-
inal purely tensile stress o at its upper extremity (y = L), assuming a uniformly distributed
load P per unit area W-B in the y-axis direction. The lower SE(T) extremity (y =—L) is
assumed fixed in all degrees of freedom. First, the submodel loading conditions are ob-



tained from the numerical solution of the global model, assuming its material is LE and
using proper elements to globally describe its crack.

The submodel dimensions are chosen to assure LE conditions all around its perimeter.
All numerical FE calculations are performed considering only 1/2 of the submodel, since it
is specified to maintain symmetry about its xy-plane (z-axis). Then, refined incremental 3D
EP FE calculations are performed in the submodel to obtain the desired pz shapes as well as
the plastic work Up; performed inside them. The Ansys Parametric Design Language
(APDL) is used to solve these problems. Further details about the pure mode I numerical
problem can be found in [6].

The properties of the materials used in all simulations are presented in Table 1 [10,
11], where E is Young’s modulus, v is Poisson’s coefficient, Syis yielding strength, while
H and h are the monotonic Ramberg-Osgood strain hardening coefficient and exponent.

Table 1.Materials and properties.

E v Sy H h
(GPa) () (MPa) (MPa) ()

Elastic isotropic [6] 207 0.3 500 - -

Material

API 5L X80 [10] 207 0.3 560 892 0.08

2.1 FE Model

The numerical procedure involves two calculation steps. First, the global model with a
relatively coarse FE mesh is numerically solved to quantify the LE stress field inside it
considering the inclined crack effect. This requires the use of proper elements to simulate
the crack tip behavior but, besides that, it poses no major problems. Then, a submodel that
contains the crack tip and large enough to contain its desired pz is chosen assuring LE con-
ditions around its perimeter, which are used as its loading conditions. Finally, this submod-
el is remeshed using a much more refined mesh, to assure the required accuracy can be
achieved when numerically incrementally solving its EP stress/strain fields.

The pz 3D EP frontiers are mapped in terms of the equivalent Mises strain £gq, Quad-
ratic elements (3D SOLID186) are used in these FE simulations, and only the fractions of
the volumes corresponding to their plastified Gauss integration points are counted as part of
the 3D pz around the crack fronts (&, > &y). Hence, the smallest unit of volume considered
in the pz models and in the calculation of the plastic work Up, performed inside them be-
came 1/8 of the total volume of the element [6].

When this modified SE(T) specimen with an inclined crack (which provides mixed
mode I-II conditions simply by varying its crack inclination angle f) is large and its residu-
al ligament is much larger than its crack size, there are well-known, easy to deduce analyti-
cal expressions for its SIFs K; and K;;. When the modified SE(T) residual ligament it is not
much larger than a, see e.g. [10], the general expression for its K; is given by [10]:

K; =ovafig (1)



where o is the nominal tensile stress applied in the cracked specimen upper boundary, see
Fig. 1, f; and g; are geometry factors that depends on the crack size-to-specimen width a/W
ratio and on ¢;, ¢; and y; parameters defined below, with i = I or II, namely:

g =cos” 3 ()
g7 =cosBsin3 (3)
a a 76i a

fl-[?,ai,éz-,'yi]:%- COS[;] +Oél' [;] (4)
— 1.122 )

32 —0.738% +0.8
_ 853—5578 ©

3% —0.828+1.37
v =19 cos3 7?1 —0.383%03 (7
oy =0.88° —2.533% +1.663+0.54 (8)
5y =2.853° —6.46% +5.1 )
vy =12 cosB "7 —0.153 (10)

The geometric parameters used in this work are W =50 mm, L = 2 and W/B = 6.25.
Four values for the crack inclination angle £ are considered here: 0° (pure mode I), 20°, 40°
and 60°. Six a/W ratios are considered as well, namely 0.2, 0.3, 0.4, 0.5, 0.6 and 0.7. Nu-
merical results for both LE and EP materials are presented in Table 2.a and 2.b, considering
the properties listed in Table 1. In all these cases, the pz frontiers are evaluated on the sur-
face of specimens. Then, the detailed incremental 3D EP FE calculations are performed in
the submodels only for two cases: 1) a/W = 0.2, f=40°, and o;/Sy = 0.4; and 2) a/W = 0.7,
£=60° ando,/Sy = 0.4.

The 3D LE model is validated for pure mode-I loading conditions (i.e., for cracks
with f=0°) in [6]. The validation of this new study (for cracks with > 0°) is performed
considering similar numerical results presented by Wilson [7] and by Merah and Albin-
mousa [8]. The pz calculated here are compared as well with experimental results presented
by Khan et al [10] (only on the surface) and by Albinmousa et al [9].

3 Results

Tables 2.a and 2.b summarize the shapes and sizes of the EP pz frontiers numerically calcu-
lated on the surface of the modified SE(T), following all the procedures discussed in the



previous section. They list all crack length-to-width (a/W), nominal load-to-yield strength
(0,/Sy), and crack inclination angle f combinations studied here. All the results obtained for
pure mode-I (f = 0° and K;/K;= 0) are calculated assuming a fixed SIF K;= 100 MPa\/m, a
value well below the toughness of the API 51 X80 steel, so they can be directly compared
without any crack tearing concern.

When the crack angle S increases for each crack size-to-width ratio a/W, the drawings
presented in those Tables illustrate how the size and the shape of the pzs vary as K;reduces
and Kj; increases. The EP pz frontiers are properly scaled to allow the direct comparison
between the various cases that have a same a/W.

Table 2.a. Shape and size of the plastic zone on the surface of specimen.

a/W=0.2 a/W =03 a/W =04
c./Sy =0.4,0.6,0.82 6./Sy =0.3,0.55, 0.6 6./Sy =0.3,0.38,0.6

ﬂ KI KII KII/KI KI KII KII/KI KI KII KII/KI
() (MPa) (MPa) () (MPa) (MPa) () (MPa) (MPa) (-
0 100 0 0 100 0 0 100 0 0
20 191  0.19 184  0.18 174 0.8
40 286  0.29 266  0.29 240 028
60 256  0.39 225  0.39 191  0.39
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Table 2.b. Shape and size of plastic zone on the surface of specimen.

a/W =05 a/W =06 a/W =0.7
6,/Sy=0.2,0.25,0.4 6x/Sy=0.1,0.16,0.3 6,/Sy=0.1,0.2,0.3
KI KII KII/KI KI KII KII/KI KI KII KII/KI

() (MPa) (MPa) () (MPa) (MPa) () (MPa) (MPa) (9

0 100 0 0 100 0 0 100 0 0

20 162 017 147 0.6 129 015

40 210  0.27 176 0.6 140 025

60 155  0.38 119 037 86  0.37
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The results based on 3D pz volumes around crack fronts are presented here in order to
be explored as a new approach to estimate the resistance to crack tearing initiation. The pz
volumes of the two cases using the 3D EP FE calculations are presented in Fig. 2. The
volumes V;, V, and the ratio between them V,/V; are 123 mm?, 766 mm?® and 6.23, respec-
tively.

As the fracture resistance depends on geometric parameters, loading conditions, and
transversal constraints, which much affect pz sizes and shapes, and thus the Up; spent in-
side the pz. Hence, from a physical point of view, it is at least reasonable to assume that the
toughness of most metallic cracked structural components depends primarily on the Up,



spent inside the pz. For the same cases, the plastic work Up; ;, Up; > and the ratio between
them Up; »/Up;; are 92 mJ, 936 mJ and 10.2, respectively. However, to validate these nu-
merical estimations, comparisons between the Up, spent inside the pz volume and experi-
mental fracture toughness for mixed-mode K/K}; conditions should be made.

Crack face

f it

b) Case 2: a/W =0.7, f=60° and o,/Sy = 0.4
Fig. 2. 3D plastic zone volumes: a) V;, and b) V.

4 Conclusions

In this work three-dimensional elastic and elastoplastic finite element analyses have been
used to generate numerical predictions of plastic zone sizes, shapes, frontiers and volumes
in a modified SE(T) specimen with an inclined crack for both standard pure mode I (8= 0°)
and for mixed mode I-II (£ > 0°). As the crack inclination angle £ increases, the plastic
zone size and shape reduces and becomes non-symmetrical about the crack length/front,
respectively. Plastic zone size increases with increasing crack length of the specimen and
nominal stress-to-yield strength o;,/Sy ratios. For relative high o;,/Sy ratios combined with
large crack lengths, the plastic zone size may increase and become larger and add to the



plastified volume developed near the back of specimen. Hence, all these effects in plastic
zone should be taken into account in order to evaluated problems that involve fatigue and
fracture. Finally, the approach based in 3D plastic zone volumes and the plastic work dissi-
pated inside them may be a useful tool to replace unreliable combinations based on K and
other constraint parameters.
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