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1 Introduction

Wheeled-legged robots are an attractive solution for au-
tonomous locomotion in challenging terrain. They combine
the efficiency of the wheels with the ability of the legs to tra-
verse challenging terrain. Most of the research on wheeled-
legged robots locomotion [1–3] focuses on designing a mo-
tion control framework that enables stable motion over un-
even terrain, rather than generating optimized trajectories
for dynamic motion. Recently, a motion control and plan-
ning framework for wheeled quadrupedal robots that con-
tinuously computes the reference trajectories for the robot’s
center of mass (CoM) using a Zero-Moment Point (ZMP)
optimization has been presented in [4]. Other approaches
involve driving over flat terrain and walking over irregular
terrain [3,5]. No presented motion planner, however, consid-
ers the terrain information, and therefore, is not able to plan
driving motions over larger obstacles. Negotiating larger ob-
stacles is enabled through the presence of the legs and is not
possible with a conventional wheeled robot.

We present a trajectory optimizer for driving motions for
wheeled-legged quadrupedal robots with actuated wheels.
A simplified two-dimensional Single Rigid Body model is
used, which allows for fast solutions even for trajectories
with a long time horizon. Since the planner has knowledge
of the terrain and performs the optimization over the wheels’
contact forces as well as its positions, the robot is able to tra-
verse challenging terrain, including driving up a step, which
to the best of our knowledge was never shown before. Fig.
1 shows the robot driving over a step.

2 Trajectory Optimization

The robot’s dynamic model used for trajectory optimiza-
tion is based on a simplified two-dimensional Single Rigid
Body Dynamics model. The legs’ masses are assumed neg-
ligible compared to the base of the robot and a single rigid-
body approximates the robot model with mass and inertia
located at the robot’s CoM. These assumptions are reason-
able for most legged robots since the mass and the inertia of
the legs are considerably less than the ones of the torso. Ad-
ditionally, they make the dynamics of the robot independent
of the joint configuration of the legs, thus keeping the for-

Figure 1: Simulation of the robot driving up a step whose
height corresponds to 40% of the legs length using our tra-
jectory optimization. Initially, the robot maintains its base
slightly backward and moves the front wheels towards the
step (1). Next, it moves the hind legs closer to the CoM to
have higher traction with the hind wheels (2). This enables
driving the front wheels up the step (3). Lastly, it moves the
base closer to the ground and pulls the hind legs up (4), com-
pleting the maneuver. The dark red arrows on the wheels
are the contact forces, the dark blue arrows are the veloci-
ties, and the smaller light red arrows are the accelerations of
the wheels and the robot’s CoM. A video demonstrating this
maneuver can be found at https://youtu.be/lELr4stekhQ.

mulation simpler and enabling fast convergence of the opti-
mizer.

We formulate the motion planning as an Optimal Con-
trol Problem which we then transcribe into an Nonlinear
Programming Problem (NLP) by dividing the trajectory into
fixed time intervals ∆T , including the initial state, generat-
ing n = floor(T/∆T )+ 1 nodes. All the optimization vari-
ables define each node at the time t = k∆T of the trajectory.
Once the problem is solved, the continuous solution can be
obtained by linear interpolation between the nodes. The de-
cision variables are the robot’s CoM position and orienta-
tion, the CoM linear and angular velocities, the wheels’ po-
sitions and velocities and the contact forces on each wheel.
The 2D motions are transcribed into 3D by applying the



same trajectories to the left and right wheels and fixing the
initial y-position of the base during the entire motion. The
high-level user inputs are the final position of the CoM and
the total time duration T of the trajectory.

Since this work focuses on the driving motions, all the
wheels are constrained to remain in contact with the ground
and the normal forces of the wheels must always be posi-
tive. The traction forces are limited according to the max-
imum torque of the wheel’s motors and constrained to be
inside the friction pyramid, to ensure that the no-slip condi-
tion is fulfilled. The dynamic consistency of the trajectory
is ensured by enforcing the dynamic equations on the CoM
accelerations. The main contribution of our planner is that it
takes into account the stability of the robot along the whole
trajectory. The stability criterion that we use is the Force-
Angle Stability Measure presented in [6]. Lastly, kinematic
consistency is enforced by limiting the distance between the
wheels and the extension of the leg to stay in a reachable
workspace that is known a priori and moves together with
the robot. To reduce the computational cost of the optimiza-
tion, we do not use a cost function, and the objective is to
find the decision variables that fulfill all the constraints.

3 Results

The trajectory optimization is implemented in C++ us-
ing the Ifopt [7] interface for the interior-point method
solver Ipopt [8]. The simulations are carried out in the
robot simulation environment Gazebo with ODE [9] as the
physics engine, using the full rigid body dynamics of the
real quadrupedal robot equipped with actuated non-steerable
wheels introduced in [4]. Besides, the torque limits of the
actuators are considered in the simulation to ensure realistic
results. The trajectories (base and wheels motions) are pro-
vided as input to the whole-body controller described in [4],
that computes the actuation torques for the joints and the
wheels.

The optimizer has been tested in different terrain types
and the time interval between the nodes is chosen as 0.1s,
which is short enough to ensure physically feasible and dy-
namically consistent motions. With this ∆T = 0.1, and a
4.0s time horizon, the NLP has 720 optimization variables,
485 equality constraints and 813 inequality constraints. The
solver computation time depends on the complexity of the
terrain and remains on average 42ms per second of trajec-
tory. Reported computational times have been obtained on
a 2.7GHz dual-core Intel Core i7 laptop. Fig. 2 shows the
desired motion computed by the trajectory optimizer along
with the measured positions obtained during the simulation
of the robot driving up a step. The whole-body controller is
able to track the desired motions with Root-Mean-Square-
Error (RMSE) less than 4cm. The maneuver is performed
with an average speed of 0.5m/s, which is as fast as walking
up motions. The reader is encouraged to watch the accom-
panying video1, that shows further motions in other terrains.

1Also available at https://youtu.be/lELr4stekhQ.

Figure 2: The desired positions provided as input to the
whole-body controller and the simulated measured positions
of the robot’s base and wheels while driving up a step.

4 Conclusions

Our trajectory optimization framework is able to gener-
ate optimized motions for wheeled quadrupedal robots driv-
ing over challenging terrain by taking into account the ter-
rain profile and the stability of the robot. The feasibility of
the motion plans is demonstrated in simulations with ANY-
mal. In the future, experimental verification of these results
will be carried out with the real robot. Furthermore, a new
framework that uses a 3D model and allows for planning the
walking motions is being developed. We also plan to enable
the contact schedule optimization, similar to [10].
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