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ABSTRACT

A critical issue in multiaxial damage calculation in non-proportional (NP) histories is to
find the equivalent stress or strain ranges and mean components associated with each
rainflow-counted cycle of the stress (or strain) path. A traditional way to find such ranges
is to use enclosing surface methods, which search for convex enclosures, such as balls or
prisms, of the entire history path in stress or strain diagrams. These methods only work for
relatively simple load histories, since the enclosing surfaces lose information of the original
history. This work presents an approach to evaluate equivalent stress and strain ranges in
NP histories, called the moment of inertia (MOI) method. It is an integral approach that
assumes the path contour in the stress diagram is a homogeneous wire with a unit mass.
The center of mass of such wire gives then the mean component of the path, while the
moments of inertia of the wire can be used to obtain the equivalent stress or strain ranges.
Experimental results obtained from the literature for 13 different multiaxial histories prove

the effectiveness of the MOI method to predict fatigue lives.
© 2015 Brazilian Metallurgical, Materials and Mining Association. Published by Elsevier
Editora Ltda. All rights reserved.

1. Introduction

methods are not suited for complex NP histories, since they
do not account for path shape dependence of fatigue damage.
Consider a periodic load history formed by repeatedly fol-

Multiaxial fatigue lives can be calculated from equivalent
stress (or strain) ranges and their mean components [1].
However, estimating such ranges and mean values for non-
proportional (NP) loading cycles is not an easy task. These
components are traditionally estimated by convex circular,
ellipsoidal, or prismatic enclosures of the entire history path
in stress or strain diagrams [2-9]. But enclosing surface
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lowing a given loading path domain that contains all points
from the stress or strain variations along one of its periods.
Assume that two out-of-phase shear stresses 3 and 74 act
parallel to the critical plane, where the crack will most likely
initiate. Both tp and ta influence the growth of shear cracks
along the critical plane. To calculate the maximum shear
stress range Atmax at the critical plane, it is necessary to draw
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Nomenclature

bc Coffin-Manson’s strain-life exponents

dp length of an infinitesimal segment of the stress
or strain path

E Young’s modulus

I, I, I, moments of inertia of the strain path with
respect to the mean component

moments of inertia of the strain path with
respect to the diagram origin

I,, I, I, moments of inertia of the stress path with
respect to the mean component

moments of inertia of the stress path with
respect to the diagram origin

N fatigue initiation life in number of cycles

p perimeter of the stress or strain path

Aymax ~maximum shear strain range

Aoytises €quivalent von Mises stress range

0 10 10
Ivavasy

19,19,19

00 T 0T

Atmax ~ maximum shear stress range

x normal strain from tension-torsion history

Exm mean normal strain from tension-torsion his-
tory

ya, ys  shear strains on the crack initiation plane

Yxy shear strain from tension-torsion history

Yym mean shear strain from tension-torsion history

ox normal stress from tension-torsion history

Oxm mean normal stress from tension-torsion his-
tory

TaA, TB shear stresses on the crack initiation plane

Txy shear stress from tension-torsion history

Txym mean shear stress from tension-torsion history

the path of the shear stress history along a 75 x 74 diagram, as
shown in Fig. 1 (left). Analogously, for a given shear strain his-
tory, a similar approach can be followed to find the maximum
shear strain range Aymax at the critical plane from the shear
strain path along a yg x ya diagram, see Fig. 1 (left).

The search for an effective range using the deviatoric stress
path started with the pioneering work of van Dang [10], who
studied various methods to define and calculate it. Since
then, several “enclosing surface methods” have been pro-
posed [2-9,11], which try to find circles, ellipses, or rectangles
that contain the entire load path (in the 2D case). In a nut-
shell, in the 2D case, the minimum ball (MB) method [11]
searches for the circle with minimum radius that contains
the stress or strain path; the minimum ellipse (ME) methods
[2-6] search for a path-enclosing ellipse with semi-axes a and
b with minimum area -a-b or minimum norm (a2 + b?)?; and
the maximum prismatic hull (MPH) methods [5,7-9] search
among the smallest path-enclosing rectangles the one with
maximum area or maximum diagonal (its a max-min search
problem). The value of Atmax Or Aymax in Fig. 1 (left) would
either be assumed as the value of the circle diameter, or twice
the ellipse norm, or the length of the enclosing rectangle diag-
onal.

The enclosing surface methods can also be applied to
tension-torsion load histories, if a ox x Txy/3 diagram is con-
sidered. The effective range in this case is the von Mises stress
range Aoyses- Similarly, for tension-torsion histories where
plastic strains dominate, a strain diagram &x x yxy/4/3 can be
used to predict an effective von Mises strain range Aepges-
These ranges could be used in an invariant-based damage
model such as Sines or Crossland [1], which do not involve
the projection of the stress or strain path onto candidate
planes.

Such enclosing surface methods can be extended to his-
tories involving more than two stress or strain components.
E.g, if the history path is plotted in a 3D diagram s; x s; x s
or e; x ej x ey, representing respectively three deviatoric stress
or strain components, then the enclosing surface methods
will search for spheres, ellipsoids, or rectangular prisms, as
shown in Fig. 1 (right) for the sphere from the MB method
[11]. For load paths represented in higher dimension dia-
grams, required for a general 6D multiaxial history, the search
is for hyperspheres, hyperellipsoids, and rectangular hyper-
prisms.

History path

Fig. 1 - Left: periodic (or single) stress history path D in a tg x 74 or yg x y4 diagram, enclosed in surfaces such as circles
(balls), ellipses, and rectangular prisms [12]; right: stress or strain path in a 3D sub-space of the Es; or Ese deviatoric spaces,

circumscribed by a spherical convex enclosure.
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In summary, the critical-plane approach requires the pro-
jection of the original history onto candidate planes, whose
shear components are represented in 2D tp x 74 OT ¥ x ya dia-
grams to find the maximum shear range Atmax O Aymax to
be used, e.g., in Findley’s or Fatemi-Socie’s multiaxial damage
models [1]. On the other hand, invariant-based approaches,
such as the ones from the Sines and Crossland models, require
the calculation of equivalent von Mises ranges Aopses O
Aepises directly from the original history, without any plane
projection, thus analyzing load paths represented in diagrams
with higher dimension. In this work, only load paths rep-
resented in 2D will be considered, which would cover all
critical-plane approaches (which only require an equivalent
range calculationin a 2D 5 x 74 OT g x ya diagram), as well as
invariant-based approaches for 2D tension-torsion histories.

Enclosing surface methods can be useful to estimate the
equivalent stress (or strain) amplitude associated with NP
loading paths, for both critical-plane and invariant-based
approaches. However, such methods have three issues. First,
among all enclosing surface methods, only the MB has a phys-
ical foundation. The search for the minimum ball enclosing a
history path in the deviatoric space corresponds to the search
of the elastic-shakedown state that the material grains in the
neighbor of the point of interest could attain under periodic
loading, considering an isotropic and/or kinematic hardening
behavior. In other words, fatigue crack initiation is avoided if
an elastic shakedown state can be reached. On the other hand,
enclosing ellipsoids and prisms are not derived from physical
considerations, they are empirical methods that try to inter-
polate the limit cases between a proportional loading history
and a highly non-proportional one. Even so, these methods
still have their practical value as engineering tools for rela-
tively simple loading paths, as long as their effectiveness is
experimentally verified.

The second issue with enclosing surface methods is that
each portion of the considered path should not involve more
than 1 cycle. Otherwise, if it is considered as a single cycle, the
actual damage might be underestimated. Instead, a multiaxial
rainflow algorithm should be applied to the entire stress or
strain history, and then an enclosing surface method should
be applied for the path of each rainflow-counted reversal.

Finally, the third issue involves information loss. Enclosing
surface algorithms do not take into account the actual loading
path, but only the convex enclosures associated with them.
For instance, consider a square path ABCD in a 2D deviatoric
space. The convex hull of such path, defined as the convex
enclosure with minimum area that contains the entire path,
is the square itself. An hourglass-shaped path ABDC or ADBC
would have the same convex enclosure: the square ABCD. It is
not difficult to prove that the enclosing circle, ellipse, or pris-
matic hull from any existing enclosing surface method would
result in the same enclosure for these three considered paths,
treating them as identical. In general, all paths that share the
same convex hull share as well the same enclosing surface
for a given method, even though they might lead to differ-
ent equivalent amplitudes and fatigue lives. This third issue
is addressed by the moment of inertia (MOI) method, originally

proposed by the authors in [12], which calculates equivalent
and mean components while taking into account the actual
loading path, not only its convex enclosure. In this work, the
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Fig. 2 - Tension-torsion path in the oy x 74y./3 space, along
with its mean component (6xm, Txym+/3)-

formulation of the MOI method is adapted to predict the equiv-
alent stress or strain ranges in NP tension-torsion histories, as
presented next.

2, The moment of inertia (MOI) method

The moment of inertia (MOI) method aims to calculate alter-
nate and mean components of complex NP load histories.
The load history is first represented in a 2D deviatoric sub-
space, whose metric should be proportional to the maximum
shear or to the von Mises equivalent stress or strain. There-
fore, for critical-plane approaches, the shear-shear diagrams
TB X TA OF yB X ya are appropriate, since their metric (the dis-
tance between two stress or strain states) can be used in the
calculation of the maximum shear range Atmax OF Aymax. For
tension-torsion histories using an invariant-based approach,
the ox x 7xy+/3 stress diagram is a good choice since its metric
is proportional to the von Mises equivalent stress (o2 + 3r§y)1/ 2,
Note that the metric of the usually adopted &x x yxy/+/3 strain
diagram is only proportional to the von Mises equivalent
strain if plastic strains dominate, otherwise elastic Poisson
effects would make its metric slightly different. Nevertheless,
both oy x 7xy+/3 and ex x yxy/+/3 diagrams are usually adopted
regardless of this small issue.

Once the load history is represented in the adopted stress
or strain diagram, the MOI method assumes that the 2D
load path can be regarded as a homogeneous wire with unit
mass. For simplicity, the following derivations will assume a
tension-torsion stress path using a ox x txy+/3 diagram, rep-
resented by a series of points (ox, txy4/3) from the stress
variations along it, see Fig. 2, or a ex x yxy//3 diagram, rep-
resented by a series of points (ex, yxy/+/3) from the strain
variations. Note that the formulation detailed below could be
easily adapted toload pathsin tg x 7a Or yg x ya diagrams, use-
ful for the critical plane approach in the search for initiating
mixed Modes II-III microcracks.

In the MOI method, the load path mean component is
located at the center of mass of this hypothetical homo-
geneous wire with the shape of the history path. For the
tension-torsion case shown in Fig. 2, such center of gravity
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is located at the perimeter centroid (oxm, Txym+/3), calculated
from integrals along the stress path

oxm = %-/a)pdp, rxym\/§= ;1) rxy«@'dp,

p:/dp, dp = y/do? +3-drd, (1)

where p is the path perimeter and dp is the length of an
infinitesimal segment of the path. Analogously for strain his-
tories, the perimeter centroid (exm, yxym/+/3) is calculated from

1 Vxym 1 Vxy
== -dp, == = . dp, = [ dp,
“m T /SX AV B BV T /p

d 2
dp=1/de2 + ’;"y )

The mass moments of inertia (MOI) of this hypothetical
wire are then used by the MOI, giving the method its name,
calculated with respect to the origin O of the stress diagram,
assuming the wire has unit mass, resulting in

0= % x /(rxy«@)2 dp, 0= % x /(ax)2 - dp,

o=-1. / (ox)(exy3) - dp 8

The parallel axis theorem for a unit mass is then used to
calculate the respective MOI with respect to the center (oxm,
Txym+/3) of the path, giving:

2
I =19 — (tymv3)", L =19 — (oxm)’

Ior = I, + (03xm) (tymv/3) “

Analogously for strain-controlled histories, the moments
of the strain path with respect to the diagram origin become

1 2 1
I?:E‘/(Vx)’/\/g) ~dp, 13=§~/(8x)2-d10’

82 [ (%) ®

while the respective values with respect to the center (exm,
yxym/+/3) of the path are:

2
Yxym 2 Yxym
e () ol ) ()

()

In the MOI method, the von Mises stress range Aoyises (OF
the strain range Aeyses fOr strain paths) is assumed to depend
on the mass moment of inertia I, with respect to the path cen-
troid, perpendicular to the stress diagram, which is equal to

the sum of the moments of inertia in o and in , respectively I,
and I, (or to the sum of I, and I,,, for strain paths). Thus, history
paths further away from their perimeter centroid contribute
more to the effective range and amplitude. The MOI method
states that the equivalent von Mises ranges of the stress or
strain paths are then

Aopises = /12 - (Is + It) or Agpgises(1 — V) =

where v is an effective Poisson ratio. These equations are
coherent with the fact that a proportional loading path with
length L will result in the expected range Aopises OT Aepgises(1 —
v) equal to L, since the MOI of a straight rod element with
respect to its centroid is m-L2/12.

The MOI method can also be applied to polygonal load
history paths, which is useful for discrete computer imple-
mentations. If each side i of the polygon has length Apj;,
centered at (0mi, Txymi+/3), and making an angle ; with respect
to the horizontal, then

b= ZAPI': Oxm = % : Zax’”i - Ap;,
i

i

1
TX)’M\/§ = E : ZTXYMI- ﬁ - Ap;

1
1 ap? o, 2
o_1. i . Ap:
0= ’ E ( 1, sin ¢1+(fxymi\/§) Ap;, @)

1

1 Ap?
9= 250 (55 cort i o) -0

1

1 Ap?
0=-=. Z ( 12‘ sin v cos i + (0, )(Txym, «/§)) - Ap;

1

2.0, +,) @)

Analogous expressions can be derived for strain histories.

The equivalent ranges are then calculated from Egs. (3) and
(4). In the next section, the MOI and enclosing surface methods
are compared against experimental data gathered from the
literature.

3. Experimental evaluation of the MOI and
enclosing surface fatigue life predictions

To evaluate the MOI method and enclosing surface esti-
mates of effective ranges, 13 periodic histories are studied,
represented by the block loadings shown in Fig. 3 for
Cases 0-12. These strain-controlled tension-torsion histories
were performed in [13] using 304 stainless steel speci-
mens. The multiaxial fatigue lives are calculated using the
Smith-Watson-Topper (SWT) model [14] with the von Mises
strain amplitudes calculated from the MOI method. The mate-
rial properties used in these calculations are:

B g N ( o )1/0.276
*TE " \1752

2
(mnax f) = 1577 Ny 4305 - (2N)P*e ©)
2 max E

E =197,000MPa, b= -0.0886, c=-0.303
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Table 1 - Fatigue life N (in cycles) experimentally measured and predicted using the Smith-Watson-Topper damage
model and the moment of inertia (MOI), minimum ball (MB), and maximum prismatic hull (MPH) methods, along with

percent differences, marked in gray for errors of 30% or more. Note that Cases 1-4 consider 2 cycles per block (e.g. the

measured life for Case 1 was 1400 loading blocks, and thus shown as 2800 cycles).

Path Measured MOI MB MPH

Case 0 7100 7085 0% 7085 0% 7085 0%
Case 1 2800 3379 21% 3379 21% 1150 —59%
Case 2 4200 4462 6% 4462 6% 1504 —64%
Case 3 820 640 —-22% 640 —-22% 229 —72%
Case 4 900 858 —5% 858 —5% 304 —66%
Case 5 3200 3557 11% 3557 11% 3557 11%
Case 6 2600 2332 —-10% 2393 —8% 2177 —16%
Case 7 1700 1590 —6% 1751 3% 1453 -15%
Case 8 470 604 29% 856 82% 572 22%
Case 9 660 604 —8% 856 30% 572 -13%
Case 10 320 329 3% 949 196% 329 3%
Case 11 1200 1073 -11% 2241 87% 1073 -11%
Case 12 710 689 —3% 2023 185% 689 —3%

Table 1 shows the experimental fatigue lives and the asso-
ciated predictions using the MOI, minimum ball (MB), and
maximum prismatic hull (MPH) methods, for each one of the
13 loading histories. Note that the MOI method considers two
cycles per load block for Cases 1-4; this number of cycles can
be deterministically obtained using the Modified Wang-Brown
rainflow algorithm described in [15].

Cases 0-5 are expected to be proportional, because star
or cross-shaped histories (from Cases 1 to 4) are the combi-
nation of two independent perpendicular proportional paths.
Both MOI and MB methods are able to capture that, how-
ever the MPH combines these two perpendicular paths into
a single non-proportional path, even though they will most
likely induce perpendicular cracks that do not interact. There-
fore, the MPH generates very conservative predictions in these
cases (marked in gray in Table 1), because it is not able to dis-
tinguish e.g. between a cross-shaped and a circular history.
The MOI method life predictions are also relatively accu-
rate for the remaining load cases. Note however that the MB
method assumes that all studied load cases are proportional,
resulting in non-conservative predictions for the significantly
non-proportional Cases 8-12 (also marked in gray in Table 1).

—++ XX

Case 0 Case 1 Case 2 Case 3 Case 4
/ ‘ r 4 ) Ce >
/ J_'__H‘ H | |
Case 5 Case 6 Case 7 Case 8 Case 9
‘ f > S
*
Case 10 Case 11 Case 12

Fig. 3 — History paths used in the experimental validation
of the equivalent range predictions.

The MOI-predicted initiation lives end up within 30% from
the experimental results for all 13 histories. The MPH method
wrongfully assumes that cross or star-shaped histories are
90° out-of-phase, instead of being proportional; therefore, the
MPH is more appropriate for convex load paths to avoid overly
conservative predictions. The MB method, on the other hand,
results in non-conservative predictions for non-proportional
histories such as Cases 8-12, since it wrongfully assumes that
these paths are proportional.

The main limitation of the presented version of the MOI
method is its application only for 2D stress or strain paths.
In the critical-plane approach, this is not a problem since
the only required equivalent range is the one associated with
the two shear stress or strain components on the candidate
plane, which is a 2D problem even for a 6D non-proportional
history. On the other hand, in the invariant-based approach
such as in Crossland’s model, the presented 2D formulation
would be able to deal with tension-torsion histories and per-
haps extended to biaxial normal histories, but a more general
stress state would require a higher-dimension version of the
MOI method.

4, Conclusions

A method to calculate equivalent ranges in multiaxial his-
tories, called the moment of inertia (MOI) method, was
presented using a tension-torsion formulation. Since the MOI
is not based on load path enclosures, it better deals with
path-shape dependence issues, including non-convex paths.
Experimental results for 13 different multiaxial histories col-
lected from the literature proved the effectiveness of the MOI
method to predict the associated fatigue lives, when compared
to the existing enclosing surface methods.
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